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ADAPTIVE BAYESIAN ESTIMATION OF DISCRETE-CONTINUOUS DISTRIBUTIONS
UNDER SMOOTHNESS AND SPARSITY

ANDRIY NORETS1

AND JUSTINAS PELENIS

We consider nonparametric estimation of a mixed discrete-continuous distri-
bution under anisotropic smoothness conditions and possibly increasing number
of support points for the discrete part of the distribution. For these settings, we
derive lower bounds on the estimation rates. Next, we consider a nonparametric
mixture of normals model that uses continuous latent variables for the discrete
part of the observations. We show that the posterior in this model contracts
at rates that are equal to the derived lower bounds up to a log factor. Thus,
Bayesian mixture of normals models can be used for (up to a log factor) optimal
adaptive estimation of mixed discrete-continuous distributions. The proposed
model demonstrates excellent performance in simulations mimicking first stage

estimation of structural discrete choice models.

KEYWORDS: Bayesian nonparametrics, adaptive rates, minimax rates, anisotropic
smoothness, posterior contraction, discrete-continuous distribution, mixed scale,

mixtures of normal distributions, latent variables, discrete choice models.

1. INTRODUCTION

Nonparametric estimation methods have become more accessible and useful in empirical
work due to availability of fast computers and very large datasets. The theory and practical
implementation of nonparametric methods for continuous data are very well developed at
this point. However, in most economic applications, the data contain both continuous and
discrete variables. Nonparametric methods for multivariate discrete and mixed discrete-
continuous distributions and their theoretical properties are less well understood and
developed. We address this issue in the present paper.

The standard flexible approach to estimation of discrete distributions is to use sample
frequencies as estimators of the corresponding probabilities. When the number of values
that discrete variables can take is larger or comparable to the sample size, which we call
here sparsity following Hall and Titterington (1987), the standard frequency estimators

perform poorly. The sparsity in the multivariate case is rather a rule than an exception;
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for example, estimating a joint distribution of 5 discrete variables each taking 10 values
would involve estimation of 10° probabilities by corresponding sample frequencies. The
presence of continuous variables in addition to the discrete ones further exacerbates the
problem. In economics, these issues often arise in the context of estimation of single-agent
and game-theoretic static and dynamic discrete choice models. Popular two stage esti-
mation procedures for these models pioneered by Hotz and Miller (1993) (and further
developed by Aguirregabiria and Mira (2002), Pesendorfer and Schmidt-Dengler (2008),
Bajari, Benkard, and Levin (2007) and Pakes, Ostrovsky, and Berry (2007) among oth-
ers) deal with discrete dependent variables such as market entry decisions and discrete
covariates such as the number of entrants currently in the market. A natural solution to
this problem that appears to work well in practice (Aitchison and Aitken (1976), Li and
Racine (2007), and the aforementioned references to the two stage discrete choice model
estimation) is to smooth discrete data, hoping that probabilities at nearby discrete values
are close or smoooth in some sense and that one could learn about a probability of a
certain value from observations at nearby values. Of course, smoothing can only be ben-
eficial if the underlying data have certain smoothness properties. Ideally, a procedure for
estimation of discrete distributions should be able to optimally take advantage of smooth-
ness in the data generating process if it is present and at the same time perform no worse
than the standard frequency estimators if the data generating process is not (sufficiently)

smooth.

In this paper, we formalize these ideas for multivariate mixed discrete-continuous dis-
tributions by setting up an asymptotic framework where the multivariate discrete part
of the data generating distribution can have either a large or a small number of support
points and it can be either very smooth or not, and these characteristics can differ from
one discrete coordinate to another. In these settings, we derive optimal minimax rates
for estimation of discrete-continuous distributions. We show that smoothing is beneficial
only for a subset of discrete variables with a quickly growing number of support points

and /or sufficiently high level of smoothness.

We propose an estimation procedure that adaptively (without a priori knowledge of
smoothness levels of the data generating process) achieve the derived optimal convergence
rates. The procedure is based on a Bayesian mixture of multivariate normal distributions.
Mixture models have proven to be very useful for Bayesian nonparametric modeling of

univariate and multivariate distributions of continuous variables. These models possess
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3

outstanding asymptotic frequentist properties: in Bayesian nonparametric estimation of
smooth densities the posterior in these models contracts at optimal adaptive rates up to
a log factor (Rousseau (2010), Kruijer et al. (2010), Shen, Tokdar, and Ghosal (2013)).
Tractable Markov chain Monte Carlo (MCMC) algorithms for exploring posterior distri-
butions of these models are available (Escobar and West (1995), MacEachern and Muller
(1998), Neal (2000), Miller and Harrison (2017), Norets (2020)) and they are widely used
in empirical work (see Dey, Muller, and Sinha (1998), Chamberlain and Hirano (1999),
Burda, Harding, and Hausman (2008), Chib and Greenberg (2010), and Jensen and Maheu
(2014) among many others).

From the computational perspective, discrete variables can be easily accommodated
through the use of continuous latent variables in Bayesian MCMC estimation (Albert
and Chib (1993), McCulloch and Rossi (1994)). In nonparametric modelling of discrete-
continuous data by mixtures, latent variables were used by Canale and Dunson (2011) and
Norets and Pelenis (2012) among others. Some results on frequentist asymptotic proper-
ties of the posterior distribution in such models have also been established. Norets and
Pelenis (2012) obtained approximation results in Kullback-Leibler distance and weak pos-
terior consistency for mixture models with a prior on the number of mixture components.
DeYoreo and Kottas (2017) establish weak posterior consistency for Dirichlet process mix-
tures. In similar settings, Canale and Dunson (2015) derived posterior contraction rates
that are not optimal. In the present paper, we show that a mixture of normals model
with a prior on the number of mixture components that uses latent variables for mod-
eling the discrete part of the distribution can deliver optimal posterior contraction rates
for nonparametric estimation of discrete-continuous distributions. The obtained optimal
posterior contraction rates are adaptive since the priors we consider do not depend on the

size of the support and the smoothness of the data generating process.

We illustrate our theoretical results in an application to the first stage estimation of
discrete choice models briefly mentioned above. Specifically, we use data from Monte
Carlo experiments in Pakes, Ostrovsky, and Berry (2007) who compare various two stage
estimation procedures on a model of firm’s entry decisions. Our procedure delivers 2.5
times reduction in the estimation error relative to the frequency estimator. Overall, our
theoretical and simulation results suggest that models for discrete data based on mixtures

and latent variables should be an important part of the econometric toolkit.

The rest of the paper is organized as follows. In Section 2, we describe our framework
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and the Bayesian model. Section 3 presents simulation results and favorable comparisons
with frequency and kernel estimators. The asymptotic theoretical results are presented
in Section 4. MCMC algorithm for model estimation and proof outlines are given in

Appendices. Auxiliary results and proof details are delegated to the online supplement.

2. DATA GENERATING PROCESS AND BAYESIAN MODEL

Let us denote the continuous part of observations by z € X C R% and the discrete

part by y = (y1,...,Ya,) € Y, where

, 1-1/2 2—1/2  N;—1/2
= - with Y = e A A
y=T1¥. witn y, { NN TN }

is a grid on [0,1]% (a product symbol II applied to sets hereafter denotes a Cartesian
product). The number of values that the discrete coordinates y; can take, N;, can po-

tentially grow with the sample size or stay constant. For each discrete coordinate value

y; €V, let

Ay; = (y; — 0.5/Nj, 00) if y; =1—0.5/N;
(y; —0.5/N;,y; +0.5/N;] otherwise

be an interval that includes y; and has a length of 1/N;, except for the first and the
last intervals that are expanded to include the rest of the negative and positive parts
of the real line correspondingly. Then, every value of the discrete part of observations
y = (y1,--.,¥4,) € Y can be associated with a hyper-rectangle A, = H;ly:l Ay.. Let us
represent the data generating density-probability mass function po(y, x) as an integral of

a latent density f, over A,,
W) wlnn) = [ )i
Ay

where f; belongs to D, the set of probability density functions on R? with respect to the
Lebesgue measure, and d = d, + d,. The representation of a mixed discrete-continuous
distribution in (1) is so far without a loss of generality since for any given py one could
always define fy using a mixture of densities with non-overlapping supports included in
Ay, yel.

We assume that the data available for estimation of py are comprised of n independently

identically distributed observations from pg: (Y™, X™) = (Y1, X1,...,Ys, X,,). Let Py, Ey,
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5

Fg, and Ef denote the probability measures and expectations corresponding to p, and
its product pj.

When N,’s grow with the sample size n the generality of the representation in (1) can
be lost when assumptions such as smoothness are imposed on fy. Nevertheless, in what
follows we do allow for f; to be smooth. The interpretation of the smoothness is that the
values of discrete variables can be ordered and that borrowing of information from nearby

discrete points can be useful in estimation.

2.1. Bayesian Model

Our nonparametric Bayesian model for the data generating process in (1) is based on a
mixture of normal distributions with a variable number of components for modelling the

joint distribution of (7, x),
F @, xl0,m) =Y (@ ws o)
k=1

(2) p(y, x|0,m) = ; [, x|0,m)dy,

1/2)

where 0 = (ug, Vg, ag, k =1,2,...;0) and @(; g, 0 - v, 7)) denotes a multivariate normal

density with mean s, € R? and a diagonal covariance matrix with the squared elements

of vector o - V,gl/Q = (011/,;11/2, . ,Udl/]:dl/z) on the diagonal.
We use the following prior for (6, m). The prior for (ay,...,q,,) conditional on m is
Dirichlet(a/m,...,a/m), a > 0. It is a standard conjugate prior for discrete probability

distributions, see, for example, Chamberlain and Imbens (2003) for applications in econo-

metrics. The prior probability mass function for the number of mixture components m is

(3) H(m) o 6—alom(logm)71’m _ 17 2’ o a0 > O, "> 07

where oc means “proportional to”. The exponential tails of II(m) attain a tradeoff between
putting just enough prior probability on the relevant finite mixture approximations of f
and putting appropriately small prior probabilities on rough mixtures that would overfit
the data.

A popular alternative to specifying a prior on m and (ag, . .., a,,) is a Dirichlet process
mixture (m is set to infinity and a “stick-breaking” prior (Sethuraman (1994)) is used for
the infinite sequence of mixing weights (ay, . ..)). This prior would deliver the same poste-

rior contraction rates for continuous variables or settings where smoothing is important;
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however, when smoothing is not beneficial, the Dirichlet process mixture prior does not
seem to put sufficient weight on the relevant finite mixture approximations, and, hence,
we focus on the mixtures of finite mixtures here.

The component specific scale parameters 1, are not necessary for asymptotic results;
it is a common practice in the literature to include them (see, for example, Geweke
(2005)) and they seem to improve the finite sample performance. We use independent
conditionally conjugate gamma-normal priors for (fix;, vk;). The common scale parameters
o are required to ensure that the prior puts sufficient probability on small values of the
variances of all mixture components at once (the variances play a role of the bandwidth
in asymptotic results). We use independent inverse Gamma priors for the components
of 0. A detailed description of the model, priors, and the MCMC algorithm for model
estimation is given in Appendix A. Section 4.3.1 provides more general conditions on the

prior that deliver adaptive posterior contraction rates for the model in (2).

3. APPLICATION

In applied economics literature, nonparametric estimation of multivariate discrete or
mixed discrete-continuous distributions is often used in the first stage of two stage estima-
tion procedures for structural discrete choice models. Pakes, Ostrovsky, and Berry (2007)
compare various two stage estimation procedures on a model of firm’s entry decisions.
Their Monte Carlo experiments provide convenient and realistic settings for demonstrat-
ing the performance of the mixture based models in practice.

The first stage in Pakes et al. (2007) requires estimation of entry and exit probabilities
conditional on the number of entrants currently in the market and a discretized market
size measure. These conditional probabilities are essentially obtained from the standard
frequency estimator of the joint distribution for the four-dimensional vector of discrete
random variables: the market size, the number of firms currently in the market, the
number of new entrants, and the number of exiting firms. In what follows, we use the
simulated data from Pakes et al. (2007) to compare our estimator with the standard
frequency estimator and a classical kernel estimator with special discrete kernels from
a publicly available R package np (Hayfield and Racine (2008)). The kernel bandwidth
parameters are selected in the package by cross-validation as described in Li and Racine
(2003); the latter authors provide simulation evidence that their methods outperform
several other alternatives in the classical literature; the package np implements a wide

variety of nonparametric methods presented in a textbook on nonparametric econometrics
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by Li and Racine (2007).

Pakes et al. (2007) simulate a structural entry exit model to obtain one million draws for
their Monte Carlo experiments. We use this one million simulated draws as a population
distribution to estimate. The support of this population distribution consists of 2617
values of the four dimensional random vectors. The marginal population distributions of
each vector component are depicted in Figure 1. From this population, we draw 50 random
samples of size n = 500 (Pakes et al. (2007) use n = 250 and n = 1000 in their Monte Carlo
experiments). For each sample, we compute the standard frequency estimator, the kernel
estimator, and the mixture model estimators for a fixed m € {1,...,30} and a variable
m. The MCMC algorithm for the fixed m model is standard in the literature (Diebolt
and Robert (1994)). For the variable m model, we implemented two MCMC algorithms:
an adaptation of a split-merge algorithm for Dirichlet process mixtures from Jain and
Neal (2004) and an approximately optimal reversible jump algorithm from Norets (2020);
they produce the same estimation results in the Monte Carlo experiments but the latter
algorithm converges much faster. The reversible jump algorithm is described in detail in

Appendix A.

Market Size Current Number of Firms
0.04 .
0.15
0.035
01lr-
0.03
0.05
0.025
002 ----------- ,--" 0
0 10 20 30 40 0 5 10 15 20
N Number of Entrants N Number of Exits
0.5 0.5
0 0
0 2 4 6 0 1 2 3

FI1GURE 1.— Marginal population distributions
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F1GURE 2.— MCMC trace plot and prior and posterior of m

Figure 2 presents the reversible jump MCMC draws and the prior and the posterior
distributions of m for one of the samples used in Monte Carlo experiments. Estimation
results for the fixed and variable m models are obtained from 10,000 and 50,000 MCMC
draws correspondingly, as MCMC convergence is slower for the variable m models. As can
be seen from the MCMC trace plot in the figure, the posterior simulator reliably explores

the posterior distribution; MCMC results for other samples are similar.

The priors used in estimation experiments are roughly based on the first two sample
moments: the prior for the location parameter ju4; is centered at the corresponding sample
average, Y; = >, Y;;/n and has variance equal to the sample variance, 6]2- =3 (Y-
Yj)Q /n. The prior mode of the precision parameter 052 is set to the inverse of the sample
variance, 6]-_2 and its variance is set to 1. The component specific scale parameters have
prior mode and precision equal to 1. The Dirichlet parameter a is set to 15 and the prior
hyper-parameters for m, a;o = 0.5 and 7 = 0. The estimation results are not sensitive to
moderate variation in prior hyper-parameters. These empirical Bayes priors are similar to
unit variance priors centered at 0 for location parameters and 1 for scale parameters used

in conjunction with standardized data.

The estimation errors in the total variation distance averaged over the 50 random

samples are presented in Figure 3.
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FIGURE 3.— Average Estimation Errors

As can be seen from the figure, the mixture based estimators match the average total
variation error of the frequency estimator with just two mixture components and that of
the kernel estimator with six mixture components. The use of a higher number of mixture
components and a variable number of components further reduces the estimation error.
The large improvements of both the kernel estimator and the mixture model over the
standard frequency estimator are not very surprising given the smooth appearance of the
probability mass functions in Figure 1, the sample size (n = 500), and the cardinality of
the population support, 2617. The mixture models outperform the kernel estimator on
average as shown in the figure and in each of the 50 random samples. Theoretical properties
(beyond the consistency and the asymptotic normality for a fixed discrete support) are
not known for the discrete kernel estimator in our asymptotic settings with smoothness
and a possibly growing support. Our conjecture is that at least without considerable
modifications this kernel estimator is unlikely to deliver the adaptive optimal estimation
rates that are established for mixture models in the following section; and, perhaps, that is
why the kernel estimator is outperformed by the mixture model in our simulations. A few
other applications and favorable comparisons of a fixed m mixture model with standard
parametric and nonparametric alternatives can be found in Norets and Pelenis (2012).
The performance of the variable m model is practically the same as the performance
of models with large fixed m. Somewhat unexpectedly, the estimation results for the
models with fixed m do not deteriorate when m is large (m = 30). The estimation error

in the total variation distance is slightly more volatile for larger m, but on average, the
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errors decrease in m as can be seen in Figure 3. Of course, the performance can be easily
evaluated in simulation settings, when the data generating process is known. As far as we
are aware, theoretically justified Bayesian procedures for choosing a fixed m have not been
developed in nonparametric settings. Hence, the variable m model with the asymptotic
guarantees obtained in the present paper is the preferred option, and the fixed m models
should be used for sensitivity and robustness checks.

Overall, the Monte Carlo simulations presented in this section suggest that models for
discrete data based on mixtures and latent variables should be an important part of the
toolkit in empirical industrial organization and economics more generally. The following
section presents asymptotic results that further justify this claim from the theoretical

perspective.

4. ASYMPTOTIC FRAMEWORK AND RESULTS

To get more refined results and to accommodate discrete variables that are not ordered
or “smooth”, we allow NV;’s to grow at different rates for different j’s or to be constant
for some j’s. For the same reason, we work with anisotropic smoothness that allows for

existence of derivatives of different orders along different coordinates.

4.1. Anisotropic Smoothness

For each coordinate j € {1,...,d}, we introduce a smoothness coefficient, 8; > 0, such
that | 3;] (the largest integer that is strictly smaller than 3;) is the highest possible order
of the partial derivative with respect to the coordinate j. In the univariate case, |3;]’th
derivative is often assumed to satisfy a Holder condition with the exponent ; — |5;] to
accommodate noninteger smoothness coefficients and to deliver Taylor expansion approx-
imations with remainders of the appropriate order. Different generalizations of these ideas
to the multivariate case are possible. We introduce a generalization below that is suitable
for our purposes. Let Z, denote the set of non-negative integers. For smoothness coeffi-
cients (f1,...,04) and an envelope constant L, an anisotropic (i, ..., 3q4)-Holder class,

CPuBal s defined as follows.

DEFINITION 1 f € CPvPalif for any k = (ky,... . kq) € Z4, 27:1 ki/B < 1, mized

partial derivative of order k, D* f, is finite and

d
(4)  |DMf(e+ Az) = DR F(2)] S LY Az H0-Tin kb))

J=1
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11

for any Az such that Az; = 0 when 27:1 ki/B+1/8; < 1.

In this definition, a Holder condition is imposed on D*f for a coordinate j when D* f
cannot be differentiated with respect to z; anymore (30, ki/f < 1 but S0 ki/B +
1/B8; > 1). This definition slightly differs from definitions available in the literature on
anisotropic smoothness that we found. Section 13.2 in Schumaker (2007) presents some
very general anisotropic smoothness definitions but restricts attention to integer smooth-
ness coefficients. Ibragimov and Hasminskii (1984), and most of the literature on min-
imax rates under anisotropic smoothness that followed including Barron et al. (1999)
and Bhattacharya et al. (2014), do not restrict mixed derivatives. Shen et al. (2013) use
| Az;|min(B5=ki D) instead of |Az;|%1=2uk/80) in (4). Their requirement is stronger than ours
for functions with bounded support, and it appears too strong for our derivation of lower
bounds on the estimation rate. However, our definition is sufficiently strong to obtain a
Taylor expansion with remainder terms that have the same order as those in Shen et al.
(2013) (while the definitions that do not restrict mixed derivatives do not deliver such an
expansion).

When f; = 3, Vj and Zle k/B+1/8>1, ;(1— Zld:l ki/B) =P — |B], and we get
the standard definition of S-Holder smoothness for the isotropic case.

The envelope L can be assumed to be a function of (z, Az) to accommodate densi-
ties with unbounded support. We derive lower bounds on estimation rates for a constant
envelope function; the derived bounds are applicable to functions with non-constant en-
velops as a constant envelop is just a special case of a non-constant one. Upper bounds

on posterior contraction rates are derived under more general assumptions on L.

4.2. Lower Bounds on Estimation Rates

For a class of probability distributions P, ( is said to be a lower bound on the estimation

error in metric p if there exists a positive constant ¢ independent of n such that

inf sup P (p(p, p) > ¢) > ¢ > 0.

P pep
This definition means that there does not exist an estimator that asymptotically delivers
an estimation error in p that is smaller than ¢ for all data generating distributions in
P. If the estimation error for a given estimator for distributions in P matches (up to
a multiplicative constant) a lower bound for P, then this estimator is considered rate

optimal. A good introduction into the theory of lower bounds can be found in Tsybakov
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(2008). In this section, we present lower bounds for discrete continuous distributions that
are matched with upper bounds on estimation errors for the mixture based models in
Section 4.3.

We consider the following class of probability distributions: for a positive constant L,

let
6)  P= {p: p(y, ) :/ f@,2)dy, f € Cﬁl""’ﬁd’LﬂD}.
Ay

To define our lower bounds we need the following additional notation. Let A denote a
collection of all subsets of indices for discrete coordinates {1,...,d,}. For J € A, let

Je={1,...,d}\ J and y, denotes the sub-vector {y;, j € J} for a vector y. Then,

Ny =™

jeJ

denotes the number of values a discrete subvector y; can take and

)

jeJe
denotes an aggregate smoothness coefficient for the subvector containing the coordinates

of the continuous part of observations x and the continuous latent variables y with indices

in J¢ For J =0 or J¢ =0, we set Ny =1, By = oo, and By/(28p + 1) = 1/2.

THEOREM 1 For P defined in (5),

N B N Bye
283 je+1 28 ye+1
(6)  Ty=min {_} ’ :[4 g

JeA | n n

multiplied by a positive constant is a lower bound on the estimation error in the total

variation distance.

One could recognize expression [N/ n]% in (6) as the standard estimation rate for
a card(J¢)-dimensional density with anisotropic smoothness coefficients {3;, j € J°} and
the sample size n/N; (Ibragimov and Hasminskii (1984)). One way to interpret this is that
the density of {x,g;, j € J} conditional on y; is {3}, j € J°}-smooth and the number of
observations available for its estimation (observations with the same value of y;) should be
of the order n/N; also, the estimation rate for the marginal probability mass function for

ﬂJC
Yy is [Ny/n]'/?, which is at least as fast as [N;/n]?%s¢+1. In this interpretation, smoothing
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is not performed over the discrete coordinates with indices in set J, and the lower bound
Bye

is obtained when J minimizes [N;/n]?se1. Thus, an estimator that delivers the rate in

(6) should, in a sense, optimally choose the subset of discrete variables over which to

perform smoothing.

It should be possible to extend the results on the lower bounds to other distances.
However, suitable sufficient conditions in the Bayesian nonparametrics literature for the
corresponding upper bounds appear to be currently available only for the total variation
distance (or the Hellinger distance, which is equivalent); hence, we focus on that distance

here.

The proof of Theorem 1 is given in Appendix B.

4.2.1. Related Literature on Lower Bounds

Let us briefly review most relevant results on lower bounds and place our results in that
context. The most closely related results on minimax rates for anisotropic continuous dis-
tributions are developed in Ibragimov and Hasminskii (1984). The minimax estimation
rates for mixed discrete continuous distributions appear to be studied first by Efromovich
(2011). He considers discrete variables with a fixed support and no smoothness assump-
tions on the discrete part of the distribution. He shows that in these settings the optimal
rates for discrete continuous distributions are equal to the optimal nonparametric rates
for the continuous part of the distribution. Relaxing the assumption of the fixed support
for the discrete part of the distribution is very desirable in nonparametric settings. It
has been commonly observed at least since Aitchison and Aitken (1976) that smoothing
discrete data in nonparametric estimation improves results in practice. Hall and Titter-
ington (1987) introduced an asymptotic framework that provided a precise theoretical
justification for improvements resulting from smoothing in the context of estimating a
univariate discrete distribution with a support that can grow with the sample size. In
their setup, the support is an ordered set and the probability mass function is S-smooth
(in a sense that analogs of [-order Taylor expansions hold). They show that in their
setup the minimax rate is the smaller one of the following two: (i) the optimal estimation
rate for a continuous density with the smoothness level 5, n=#/(2%+1) "and (ii) the rate of
convergence of the standard frequency estimator, (N/ n)l/ 2 where N is the cardinality of
the support and n is the sample size. Hall and Titterington (1987) refer to their setup as

“Sparse Multinomial Data” since N can be larger than n and this is the reason we refer
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to sparsity in the title of the paper. Burman (1987) established similar results for 5 = 2.
Subsequent literature in multivariate settings (e.g., Dong and Simonoff (1995), Aerts et al.
(1997)) did not consider lower bounds but demonstrated that when the support of the
discrete distribution grows sufficiently fast then estimators that employ smoothing can
achieve the standard nonparametric rates for S-smooth densities on R%, n=8/(28+d),

We generalize the results of Hall and Titterington (1987) on lower bounds for univari-
ate discrete distributions to multivariate mixed discrete-continuous case and anisotropic
smoothness. Alternatively, our results can be viewed as a generalization of results in Efro-
movich (2011) to settings with anisotropic smoothness and potentially growing supports

for discrete variables.

4.3. Posterior Contraction Rates for a Mizture of Normals Model
4.3.1. Assumptions on Prior

The assumptions on the prior for model (2) in Section 2.1 can be slightly generalized
as follows. A priori, the components of p, purj, kK =1,...,m, j = 1,...,d are assumed
independent from each other, other parameters, and across k. Prior density for py; is

bounded below for some a9, 7 > 0 by

(7) a11 exp(—aiz|pe;| ™),

and for some a3, 73 > 0 and all sufficiently large p; > 0,

8) Ty ¢ [, p]) < emmok™.

Normal priors for p; satisfy these conditions.
For positive constants ay, as, . .., ag, for each j € {1,...,d}, o, is assumed independent

of other parameters a priori and the prior satisfies

9) (0% >s) < a2 for all sufficiently large s > 0

(10)  I(o;? < s) < ags™ for all sufficiently smalls > 0

/

(11) I{s<o;?<s(1+1t)} > ags e~ s> 0, t € (0,1).

The inverse Gamma prior for o; satisfies (9)-(11).
A prior on m that can be bounded above and below by functions in the form of the right

hand side of (3), possibly with different constants, would work; to simplify the notation
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we assume (3). We also set the component specific scale parameters v;; to 1. An extension
of the posterior contraction results to variable v;’s is straightforward, see, for example,
Theorem A.5 in Norets and Pati (2017) for continuous variables, and it is not presented

here for brevity.

4.3.2. Posterior Contraction Rates

This section presents upper bounds on the posterior contraction rates for the Bayesian
mixture model that match the lower bounds in Section 4.2 up to a log factor. That means
that the Bayesian mixture model deliver a rate optimal (up to a log) estimator for the data
generating process in (1) under our smoothness assumptions. The estimator is adaptive
since the prior and model specification do not depend on the smoothness of the data
generating density and the fineness of the support relative to the sample size. To simplify
the exposition we present the results below in Theorem 2 for the case when the data

generating latent density fy has a bounded support.

THEOREM 2  Assume the conditions on the prior in Sections 4.5.1. Suppose f, € CPrBak
and f > fo > f >0 holds on the support of fo, where L, f, and [ are finite positive con-
stants. Let

(logn)"’

(12) €, =min

N, Be/(2Be+1)
JeA

n

where
t; > (dJc + /B;cl + max{7y, 1}) / (2 + 6;}) + max{0, (1 —7)/2}

and T, is a parameter in the prior on m. Suppose also ne2 — oo and for J, that attains
the minimum in (12), Nj, = o(n'™") for some small v > 0. Then, the posterior contracts

at the rate €,: there exists M > 0 such that
_ pn
I (p : drv(p,po) > Me,|Y", X™) =3 0.

As in Section 4.2, when J¢ = (), 3. can be defined to be infinity and 5 /(285.+1) = 1/2
in (12). The assumption N, = o(n'™") excludes the cases with very slow (non-polynomial)
rates as some parts of the proof require log(1/¢,) to be of order logn.

The theorem is a special case of the results presented in Appendix C that can accommo-
date unbounded support for fy. The proof of Theorem 2 follows from the discussion of the

more general assumptions in the appendix as the bounded support case is used there to
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illustrate the assumptions. Similarly to other papers on posterior contraction for mixtures
of normal densities though, the more general sufficient conditions in the appendix require
subexponential tails for fy. The results for fy with an unbounded support also require the
envelope function L in the smoothness definition to be comparable to f;.

The proof of the posterior contraction results is based on the general sufficient conditions
from Ghosal et al. (2000). It exploits approximations of smooth densities by mixtures
of normal distributions developed in the Bayesian nonparametrics literature (Rousseau
(2010), Kruijer et al. (2010), de Jonge and van Zanten (2010), and Shen, Tokdar, and
Ghosal (2013)) and also develops appropriate approximations for nonsmooth discrete
distributions. Posterior contraction rates for nonparametric density estimation by mixture
models derived in the aforementioned papers also include a log factor similar to (logn)™
in (12). It is not known in the literature whether the log factor can be avoided; however,
it is not a very important issue as the log factor is negligible compared to the polynomial
part of the rate.

The results on the upper bounds in this section and lower bounds in Section 4.2 also hold
for the data generating processes where fj is not smooth at all in some discrete coordinates.
The resulting rates can be obtained from those we derive by setting the corresponding
coordinates in [ to (values arbitrarily close to) zero in (6), so that for the optimal rate,
smoothing is effectively not performed for these coordinates. Thus, the proposed Bayesian
model achieves the objective outlined in the introduction: it optimally takes advantage of
smoothness in the data generating process if it is present and at the same time performs
no worse than the standard frequency estimators if the data generating process is not
(sufficiently) smooth. Simulations in Section 3 suggest that the model performs better in
practice than available parametric and nonparametric alternatives and appears to live up

to its excellent theoretical properties.

5. FUTURE WORK

In many applications, conditional rather than joint distributions are actually of interest.
Of course, one could always estimate the joint distribution and then extract the conditional
distributions of interest. When the smoothness of the joint and conditional distributions
is the same then rate optimality of joint distribution estimator implies rate optimality
for the corresponding conditional distribution estimator. However, when the conditional
distribution is smoother then it could be beneficial to estimate the conditional distribution

directly. In an ongoing work, we pursue an extension of our posterior contraction results
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to conditional distribution models based on covariate dependent mixtures; the extension

is similar to work by Norets and Pati (2017) on continuous distributions.

It would also be of interest to understand if other Bayesian nonparametric models (for
example, those based on Gaussian process priors) or classical nonparametric methods
based on higher order kernels or orthogonal series expansions can deliver estimators with

adaptive optimal convergence rates in our asymptotic framework.
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APPENDIX A: MODEL, PRIORS, AND MCMC ALGORITHM
A.1. Model and Priors

For the MCMC implementation and description, it is convenient to formulate the model
in (2) using mixture allocation latent variables (Diebolt and Robert (1994)), (s1,. .., sn),
latent variables (371, Y, ) corresponding to discrete observations, and precision param-

eters h; = o ? so that for each observation index i € {1,...,n} and mixture component

index k € {1,...,m},
(ﬁ’XiNSi =k, p, hyvj,m ~ ¢ ( Hi (h_1/2’/k_11/2, e hgl/27/k_d1/2)> )

p(si = k|0, m) = ay,.

The joint distribution of observables and unobservables in the model is
(13) p (nazaXhS’h 1= ]-7' <y, Vi 7:uma7/m;h7m> =

[T17: € Ao (i X 1 (020 b0 if)

=1

(e, ..., ap|m) - H HH (e | )T (vg) - TI(m).
k=1

J=1

The common precision parameter, h;, is a priori distributed as a square of a gamma
distributed random variable with shape Ahj and rate B hy» which is consistent with the

conditions in Section 4.3.1:

— 1/2
Ahj/Q 1 _Eh_.h],/
i e J .

The priors for (v, pux;) are conditionally conjugate gamma-normal:

1/2 —0.5h, Vi (pr;—p,)?
U (purjlveg) oc vy e 7

The priors for mixing weights and m are as described in Section 2.1:
(e, ..., aplm) o« Haa/m t
H(m) o e—amm(logm)Tl
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A2. MCMC Algorithm

We develop a Metropolis-within-Gibbs algorithm (Metropolis et al. (1953)) with a re-
versible jump step for m (Green (1995)) for exploring the posterior distribution. See,
for example, Chib and Greenberg (1995) for an introduction to Metropolis-Hastings al-
gorithm, Smith and Roberts (1993) for an introduction to Gibbs sampling, or Geweke
(2005) for a textbook treatment of MCMC algorithms in general and for mixture models
in particular.

Conditional on m, the distributions for the Gibbs sampler blocks of the parameters and

the latent variables are proportional to (13) and can be written as follows:

Yij| ...~ ¢ < i3 sy Iy 1/2 ;]1/2> Y, € Ay, }  (truncated normal)

p(si=k|...)x¢ (Yl,Xl, s (hy 1/21/];1 2, h;l/zy;d1/2)> ar  (multinomial)

plag,...,« ) o H a/meiz M=k Dirichlet)

Ay,fl/

By v —0.5h v (i — )2
P, vigl - - .) o vy Buj v =0.5hyu ;v (i = 1i)

e (gamma-normal)

with parameters

Buj:ﬁuj%—hj-z:l{si:k}, ﬂjzil Iu—{—h ZY;J

A, =A, +05) s;=k}, B, =B, +05h; > Y By 2 = By, 2],
i=1 i si=k

The block for h; is simulated by the Metropolis-Hastings-within-Gibbs with a gamma
proposal with shape parameter 4, /24 n/2, rate parameter 0.5 Z?Zl I/sij(};;'j — 1s,5)* and
the Metropolis-Hastings acceptance probability min{1, e ny (5= ')0'5)}, where h} is the
proposal and h; is the current value. In the descriptions of blocks for jux;, v4;, and h; above,
it was implicitly assumed that index j refers to discrete coordinates (j € {1,...,d,}); for
Jj = dy, Y should be replaced by Xj;; in the descriptions of these blocks.

For the model with variable m, a block for m is added to the MCMC algorithm. The
update for m is performed by an approximately optimal reversible jump algorithm from
Norets (2020). To apply the algorithm we first transform the mixing weights into unnor-
malized weights &y, k = 1,. . ., so that conditional on m, ay = &/ Y -, & and the Dirich-
let prior on (aq,...,q,) corresponds to a gamma prior for the unnormalized weights:

aglm ~ Gamma(a/m,1), k = 1,...,m. Let 0, = (g, vk, %), O1m = (h,01,...,0n),
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= {Y;,f/i,Xiz' = 1,...,n} and denote a proposal distribution for the parameter of
a new mixture component m + 1 by 7T41(0mi1|Y, 01m). The algorithm works as fol-
lows. Simulate proposal m* from Pr(m* = m + 1jm) = Pr(m* = m — 1jm) = 1/2. If
m* = m + 1, then also simulate 0,,.1 ~ Tp11(0ms1|Y,01m). Accept the proposal with
probability min{1, a(m*, m)}, where
p(Y[m*, Oy ) I (O [ ) T (m”)

PY [, 0100 )IL(O1m [ m) 11 (1)

Hm* =m + 1} ]
. 1 * — 171 (0,101 — YY) ).
(%m<0m+1|91m,Y) + {m m }W 1( | 1m—1 )>

Norets (2020) shows that an optimal choice of proposal 7, is the conditional posterior

a(m*,;m) =

(14)

P(Oms1]Y,m + 1,01,,). The conditional posterior can be evaluated up to a normalization
constant; however, it seems hard to directly simulate from it and compute the required
normalization constant. Hence, we use a Gaussian approximation to p(€,,+1|Y,m+1,01,,)
as the proposal (with the mean equal to the conditional posterior mode, obtained by a
Newton method, and the variance equal to the inverse of the negative of the Hessian
evaluated at the mode).

From an initial value of parameters, (9%2,)1,711(0)), the MCMC algorithm sequentially
updates parameters by simulating from the algorithm blocks. The resulting Markov chain,

(9(7’)

om), r=1,..., M, is used to approximate posterior objects of interest such as the

posterior predictive (or posterior mean) density-point mass

ply, x[Y", X™) NMZP y, |65, m).

APPENDIX B: PROOF OUTLINE FOR LOWER BOUNDS

In this section, we set up the notation and an outline of the proof of Theorem 1. Detailed
calculations are delegated to lemmas in the supplement. The proof is based on a general
theorem from the literature on lower bounds, which we present next in a slightly simplified

form.

LEMMA 1 (Theorem 2.5 in Tsybakov (2008), see also Ibragimov and Hasminskii (1977))
¢ is a lower bound on the estimation error in metric p for a class Q if there exist a
positive integer M > 2 and q;,q; € Q, 0 < j < i < M such that p(gj, ¢;) > 2¢, ¢; << qo,
j=1,...,M and

(15) ZKL " QR /M < log(M)/8,
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where K L is the Kullback-Leibler divergence and Q)7 is the distribution of a random sample

from q;.

The following standard result on bounding the number of unequal elements in binary

sequences is used in our construction of ¢;, 7 =1,..., M.

LEMMA 2 (Varshamov-Gilbert bound, Lemma 2.9 in Tsybakov (2008)) Consider the set

of all binary sequences of length m,
Q={w=(w,...,ws): w, € {0,1}} ={0,1}".
Suppose m > 8. Then there exists a subset {w', ... wM} of Q such that w® = (0,...,0),
il{wﬂ#wi} >m/8, V0<j<i<M,
r=1
and
M > 2™/8,

To define ¢;’s for our problem, we need some additional notation. Let
Ko(u) = exp{~1/(1 —u*)} - 1{]u| < 1}.
This function has bounded derivatives of all orders and it smoothly decreases to zero at
the boundary of its support. This type of kernel functions is usually used for construct-

ing hypotheses for lower bounds, see Section 2.5 in Tsybakov (2008). Since we need to

construct a smooth density that integrates to 1, we define (as illustrated in Figure 4)
g(u) = col[Ko(4(u + 1/4)) — Ko(4(u — 1/4))],

where ¢y > 0 is a sufficiently small constant that will be specified below.
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F1GURE 4.— Function g for ¢y = 1.

Function g will be used as a kernel in construction of ¢;’s. Let us define the bandwidth
for these kernels first.
For the continuous coordinates, we define the bandwidth as in Ibragimov and Hasmin-

skii (1984),
hi =TYP ic{d,+1,...,d}.
For the discrete ones, over which smoothing is beneficial, we define the bandwidth as

2
hizgi-r}jﬁizﬁ.m,ieJ;jm{L...,dy},

where R; = LF}/&NZ-/QJ + 1 is a positive integer and p; € (1,2] as shown in Lemma 7.
For the rest of the discrete coordinates, our innovation is to first define artificial

anisotropic smoothness coefficients g = —log(I',)/log N;, i € J., at which the rate

in (6) would have the same value whether we smooth over y; (i € J¢) or not (i € J,).

Then, we define the bandwidth as
hi=2-TW% =2/N, i€ J.

To streamline the notation, we also define 3 = j3; for ¢ € J¢.
Let m; be the integer part of h; ', i = 1,...,d. Let us consider m = Hle m; adjacent
rectangles in [0,1]¢, B,, r = 1,...,m, with the side lengths (hy,...,hy) and centers
"= hi(ki —1/2), kir € {1,...,m;}. For z € R4 and r = 1, ..., m, define

d

g:(2) = T [ [ 9((zi = ) /ha),

i=1

" =(d,....c),
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which can be non-zero only on B,. A set of hypotheses is defined by sequences of binary

weights on g,’s as follows

(16) q](ywr) :/A [go y7 + qu«gr ya d?j,

where w! € {0,1}, j = 0,..., M, and M are defined in Lemma 2, and g, satisfies the
following conditions: (i) it is a density on R?, (ii) it is bounded away from zero on [0, 1]¢,
(iii) it belongs to C%1-+P4:L/2 for some L > 2. Examples of g include uniform (go = Lio,1)4),

a normal density, and a smoothed to zero uniform that is proportional to

H 01(2:) + TKo(z + 1) - 1(2; < 0) + T Ko(2 — 2) - 1(2 > 1)]
i=1
where TKo(z;) = [7 Ko(u /f Ko(u)du.

The rest of the proof is delegated to lemmas in the supplement, which show that g
in (16) satisfy the sufficient conditions from Lemma 1. Specifically, Lemma 3 derives the
lower bound on the total variation distance. Lemma 4 verifies condition (15) when m > 8.
Lemma 5, part (i) of Lemma 7, and the assumptions on gy imply that the latent densities
in the definition of ¢; belong to Co-Palj =0, ... M.

This argument (Lemma 4 specifically) requires m > 8 as it relies on Lemma 2. Observe
that as n — oo, m > 8 if there are continuous variables or there are discrete variables
over which smoothing is beneficial (J¢ # @)). Thus, 7 < 8 can happen only if there are no
continuous variables and Nj;, = Nj --- Ny is bounded. This is just a problem of estimating
a multinomial distribution with finite support and the standard results for parametric

problems deliver the usual n~'/2 rate.

APPENDIX C: POSTERIOR CONTRACTION RATES FOR UNBOUNDED SUPPORT
C.1. Assumptions on the Data Generating Process for Unbounded Support

In what follows, we consider a fixed subset of discrete indices J € A and show that
under regularity conditions, the posterior contraction rate is bounded above by [ ] 2;'76“
times a log factor. If the regularity conditions we describe below for a fixed J hold for
every subset of A, then the posterior contraction rate matches the lower bound in (6) up
to a log factor.

Without a loss of generality, let J = {1,...,d;}, I = {d,+1,...,d,}, J*={1,...,d}\J,
and dje = card(J¢). Similarly to Y and A, defined in Section 2, we define ), = Hje, Y,

and Ay, = [[,c; Ay, Also, let y; = {yi}ics, U1 = {Gi}ier, T = (1, %) € X =R,
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To formulate the assumptions on the data generating process, we need additional no-

tation,

fOJ(vafi‘):/A Jo(7s,%)dyy,

mU@ﬂ==/gﬁu@Lfﬁﬁ,

fa(alys) = 222,

pOJ(Zlb?U|yJ)=/ Jos(@r, zlys)dys.
AyI

Also, let Fp; and Ejy; denote the conditional probability and expectation corresponding
to fojs. If mos(ys) = 0 for a particular y;, then we can define the conditional density

fois(Z|ys) arbitrarily. We make the following assumptions on the data generating process.

ASSUMPTION 1 There are positive finite constants b, fo, T such that for any y; € Y, and
ieX

(A7) fos(@lys) < foexp (=bl1Z||7) .

It appears that all the papers on (near) optimal posterior contraction rates for mixtures

of normal densities impose similar tail conditions on the data generating densities.

ASSUMPTION 2  There exists a positive and finite § such that for any (yr,y;) € YV and
re X

(18) / Jorr(Ur, x|ys)dyr > / Jorr(Ur, x|y )dy;.
Ay {19111<7}

Ay {Ilgr11>7}

This assumption always holds for A,, C [0,1]%¢%. When A,, is a rectangle with at
least one infinite side, an interpretation of this assumption is that the tail probabilities for
yr conditional on (x,y;) decline uniformly in (x,y;). Bounded support for g; is a sufficient

condition for this assumption.

ASSUMPTION 3 We assume that
(19)  fo € CPsmaral,
where for some 79 > 0 and any (7, AT) € R?e

(20)  L(7,A%) = L(%) exp {70]|AZ| "},
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(21)  L(7 + A%) < L() exp {m||AZ||*} .

The smoothness assumption (19) on the conditional density fo; is implied by the
smoothness of the joint density fy at least under boundedness away from zero assumption,
see Lemma 10 in Appendix D.2.3. A constant envelop function L used in the lower bound

construction would satisfy the assumption.

ASSUMPTION 4  There are positive finite constants € and F, such that for any y; € Yy
and k = {ki}’ieJC € Ng‘]c, ZiGJC kl/ﬁl < 1,

i (@+ep7ld7d)

(1D T Yicge ki/Bi

for(Z|y) fos(Zlys)dz < F,

fops(Zlys)dz < F.

- 2+eByc de
L(z)
@ _fo.J<az~|yJ>]

The envelope function and restrictions on its behaviour are mostly relevant for the case
of unbounded support. Condition (23) suggests that the envelope function L should be

comparable to fy;.

ASSUMPTION 5  For some small v > 0,
(24) Ny =o(n'™).

We impose this assumption to exclude from consideration the cases with very slow

(non-polynomial) rates as some parts of the proof require log(1/e,) to be of order logn.

C.2. Posterior Contraction Rates for Unbounded Support

Let us define a constant that determines the power of the log n term in the upper bound

on the posterior contraction rate derived below in Theorem 3,

dye141/(Byedye)+1/rl4max{ri,lm2/7}  if e # (0
5) by 9+1/Bc
max{ri, 1}/2 =0

where (7,7, 72) are defined in Sections 2.1, 4.3.1, and C.1.
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THEOREM 3  Suppose the assumptions from Sections /.3.1 and C.1 hold for a given
Je A Let

N Bre/(281e+1)
J} (logn)",

@) =]

n

where t; > t ;0 + max{0, (1 — 7,)/2}. Suppose also ne2 — oo. Then, there exists M > 0
such that

_ pn
11 (p : drv(p,po) > Me,|Y™, X™) = 0.

As in Section 4.2, when J¢ = (), 3. can be defined to be infinity and 5 /(285.+1) = 1/2

in (26). Note that in the bounded support case, 7 can be chosen arbitrarily large and a

simplified expression in Theorem 2 can be used instead of ¢ ;g in the lower bound on t;.

COROLLARY 1 Suppose the assumptions from Sections 4.5.1 and C.1 hold for every
J e A. Let

(27) €, =min

log )t
min (logn)",

N, Bye/(2B5e+1)
n

where t; > ty0 + max{0, (1 — 7,)/2}. Suppose also ne2 — oo. Then, there exists M > 0
such that

_ pn
I1 (p :drv(p, po) > M6n|Y",X”) =0.

Under the assumptions of the corollary, Theorem 3 delivers a valid upper bound on

the posterior contraction rate for every J € A including the one for which the minimum

in (27) is attained. Hence, the corollary is an immediate implication of Theorem 3. The

proof of Theorem 3 is presented below.

C.3. Proof Outline for Posterior Contraction Results

To prove Theorem 3, we use the following sufficient conditions for posterior contraction
from Theorem 2.1 in Ghosal and van der Vaart (2001). Let ¢, and €, be positive sequences
with €, < €,, €, — 0, and né2 — oo, and ¢, ¢y, c3, and ¢4 be some positive constants. Let
p be Hellinger or total variation distance. Suppose F,, C F is a sieve with the following
bound on the metric entropy M. (€,, Fn, p)

(28)  log M.(€n, Fr, p) < cine2,
(29)  TI(FS) < czexp{—(cy + 4)né}.
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Suppose also that the prior thickness condition holds
(30)  T(K(po, &) > caexp{—coné},

where the generalized Kullback-Leibler neighborhood K(py, €,) is defined by

po(y, z) 9
K(po,€) {p /X > po(y, ) log v < &,

= p(y, )
[ S <)

Then, there exists M > 0 such that
— Pn
I1 (p : p(p,po) > M6n|Y”,X”) =0.

The definition of the sieve and a verification of conditions (28) and (29) closely follow
analogous results in the literature on contraction rates for mixture models in the context
of density estimation. The details are given in Lemma 20 in the supplement. Verification
of the prior thickness condition is more involved and we formulate it as a separate result

in the following theorem.

THEOREM 4 Suppose the assumptions from Sections /.3.1 and C.1 hold for a given
J € A. Let ty > t;, where tjo is defined in (25), and

N Bye/(2B5e+1)
J} (logn)™.

31 €n = | —
) a= |
For any C' > 0 and all sufficiently large n,

(32)  TI(K(po,&,)) > exp{—Cné2}.

Approximation results are key for showing the prior thickness condition (32). Appro-
priate approximation results for fo;(ys, &) = fos(Z|ys)m0s(ys) are obtained as follows.
Based on approximation results for continuous densities by normal mixtures from Shen

et al. (2013), we obtain approximations for fo;(:|ys) for every y; in the form

K

(33)  fiy(Elys) = >y, 6(F iy, ),

j=1
where the parameters of the mixture will be defined precisely below. For the discrete
variables over which smoothing is not performed, y;, we show that 7 ;(y;) can be appro-
priately approximated by

/A S s ()60 o' )i,

v y&
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where [ 4, o(97,Y, 0%)dyy behaves like an indicator 1{y; = ¢/;} for sufficiently small o%.

Section D.2 in the supplement presents proof details.
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APPENDIX D: SUPPLEMENT
D.1. Proofs and Auziliary Results for Lower Bounds
LEMMA 3 For q;, qi, i # | defined in (16), the total variation distance is bounded below

by const-T,.

PROOF: Let us establish several facts about g, in the definition of ¢;. For any (7,z) €
[0,1]%, there exists (7, z) such that

(34)  ge(g,x) =0, Vr #r(y,2).

For (g,z) € B, r(g,z) = r and for (g,x) ¢ U, B,, r(y,x) can have an arbitrary value.
Thus,

dz

i =Y [ ] y [i(wzﬁ - wi>gr<g,x>] aj

= Z/ / (wan(g7x) - wr(y x))gr(yx (yv )dy
Yy Ay

From h; = (2/N;)-R; fori € {1,...,d,}, where R, is a positive integer, and the definitions

dzx.

of g, g», and A, it follows that for fixed y € Y and z € [0, 1]%, (wi(yj,z) —wi(g@))gr(g,x) (9, )
does not change the sign as § changes within A, (r(7, z) is the same Vi € A, by the choice
of ¢ and h;). Therefore,

(35) dTV QJ7QZ //) r(g,z) r(ym))gr(yx (y, )‘ dydx
r=1 T

=Y lwl =il [ g (2)d=.
r=1 B

dz

Finally, using a change of variables in (35), Lemma 2, and m;h; > 1/2, we get

m 1/2 d
drv(gj, @) Zl{uﬂ #w} T Hh [/_ (U)‘dU]

1/2

1/2
Zrn'Hmihz" [/ |g(u)|du] /8

~1/2

1/2 d
ST, [ / . |g<u>|du/2] /s,

Q.E.D.
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LEMMA 4 For T, — 0 and m > 8 and a sufficiently small co in the definition of g,

condition (15) in Lemma (1) holds for all sufficiently large n.

Proor: By Lemma 2, it suffices to show that

(36)  drr(QF,Qp) =n-dki(g, q) < (mlog2)/64.

First, note that for any z € [0, 1], the density in the definition of g;

d

CON, +Zwrgr )20,- T | max o) > a,/2>0

ue[—1/2,1/2]

for all sufficiently large n, where g = min.cjo 1ja go(z) > 0 by the assumption on go.

By (47) in Lemma 6 and non-negativity of the Kullback-Leibler divergence

(38)  drr(gj, q) < dxr (90 +> wlgn, 90)

r=1

< dKL (90 + Z wrgm gO) + dKL <907 90 + Z wrg'r)

r=1 r=1

= /}Rd log (go(z) + Zwigr(z)> (Z wigr(z)> dz
:/Md log< +Zwr9r ) (Zwrgr >

where the last equality follows from g.(2) = 0 outside [0, 1]¢. The integrand of the last
integral is bounded above by 2g ' >r, w{;gr(z))2, which follows from the logarithm
inequality, 1 — 1/u <logu < wu —1, Yu > 0, and (37). Thus,

(39) dKL(QJ? q0 < 290 / [Z wrgr ]
= 2g81/2w£(gr(z))2dz
< QQ(;lm/(gl(z))zdz = 2gglf‘i H(m,hl) [/

—-1/2

1/2 d
g9(u)?du

d

1/2
< 2&;11“721 [/ g(u)du| < ZQSIFiCSd

—-1/2

where the first equality holds since g,(2)gi(z) = 0, Vr # [. Finally,

d d
= Hml Z 2_dHhi_1
=1

=1
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:27dH(Ni/2). H (I‘;Bfl/gi). H (F;ﬁfl)

1€J4 i€JE,i<dy i€JE i>dy
_g-1 _g-1
>[I I (% 2)- IT (0™)
i€y i€J¢,i<dy i€JE,i>dy
~Bre
=2 . N; T, " =272

Z 2_d_dyn * dKL(Q]a QO>/(22510(2)d)a

where the first inequality holds by definitions of m and m;, the second equality by defi-
nition of h;, the second inequality by restrictions on g;, and the last inequality by (39).
The last inequality implies (36) if

co < [g02_(d+dy+7) log 2]/,
Q.E.D.

LEMMA 5 For j € {1,...,M}, a part of the density in the definition of q;, f; =
ZT L wig, € CPr-Pol with L = 1 for any sufficiently small constant cy in the defini-

Proor: Consider k = (ki,...,ky) and z, Az € R? such that for some i € {1,...,d},
Az; # 0, for any [ # 1, Az =0, 27:1 ki/Bf <1, and Z;l:l ki/By +1/8; > 1 so that

(40)  0<B(1=> k/B) <1

=1

For r(-) defined in (34),

d
D*fi(2) = wooyTu [ [ 9% (21 — €)) /) /o
=1
d
9" (2 — ¢ /),
=1

*(1_N\d *
(41) — BZ . wr(z) h/lﬁl (1 Zl:l kl/ﬂl )
l

where B; € {1,1/2, Q;B;} C (0,1]. From Tsybakov (2008), (2.33)-(2.34), for any suffi-

ciently small ¢y and s < max; 5 + 1,
(42)  max|g®¥(2)] < 1/8.
This imply that

43) (g% (2 + Az — &) /hi) — g% (2 — &) )| < | A2/ (8hy).
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First, let us consider the case when r(z) = r(z + Az) and |Az;| < h;. From (41), (42),
and (43),
w(1_x~d .
[DFfi(z + Az) = DFfy(e)] < W 08 A

A%
hi

1-Br (1= k/BY)

= 84| Agy| T -Ea kil B7)

Br (1321 k/B7)

Y

(44) <|Az

where the last inequality follows from Az; < h; and (40).
Second, consider the case when r(z) = r(z + Az) and |Az;| > h;. Similarly to the

previous case but without using (43),

B (=i k/B})

*(1_N"d *
|Dka(Z+AZ) —Dkf](z)\ < 2-8_dhiﬁi(1 =1 ki/B]) < |A21

Third, consider the case when r(z) # r(z+Az) and |Az| < h; /2. If wy(2) = Wyz4az) =0
or z,z+ Az ¢ U™, B,

|Dkfj(z + Az) — Dkfj(z)| = Dkfj(z + Az) = Dkfj(z) =0.

If wy.)y # Wyz4az) or if one of z and z + Az is not in U™, B,., then without a loss of
generality suppose that w,(;y = 1 or that z + Az ¢ U’ B,. Let |Az| € [0,]|Az]|] and
Az* = (0,...,0,Azr,0,...,0) be such that 2 + Az* is a boundary point of B, ;). Then,
D¥fi(z + Az*) =0 and (44) imply

|D* fi(z + Az) — D¥f3(2)] = [D*fi(2)| = | D* f3(2 + Az) — D* fi(2)]
<|Az Br (1321 k/B7) < |Az Br(1=S0 ki /Br)

If wp(z) = Wrz4az) = 1 and 2,2 + Az € UL B, then by construction of f; and g

< Az [P O k/B)

Y

where the last inequality follows from (44).
Finally, when r(z) # r(z + Az) and Az; > h;/2,

D f(z + Az) = DM fi(2)] < [D*f(z + Az)| + D" f;(2)]
< 9. g-dpfi =i ku/B)

Br (1=, ki/B})

< |Az
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Now, let us consider a general Az such that for Az # 0, S0 ki/Bf +1/6: > 1.
D" f;(2 + Az) — D* f(2)]
< i |Dkfj(zl, ces Zic1, 2 F Az za + Azg)
— Dkfj(zl, ey Ziy Zig1 Dz, 2+ Azd)|.

The preceding argument applies to every term in this sum and, thus, f; € CPisBal,

LEMMA 6 Let f; : YxX R, ie {1,2}, be densities with respect to a product measure
A X @ on Y x X CRL Fora finite set Y, let {A,, y € YV} be a partition ofj) and let

piy,x) = [,, fi(§, x)dX(G). Then,

(45) drv (p1,p2) < dryv(fi, f2)
(46) du(p1,p2) < du(fi, f2)
(47) drr(p1.p2) < dxi(f1, f2).

Also, if for given (y,x), fo(y,x) >0 for any y € A,, then

(48) 1Il fl(ya )<p1(y7 )< pf(ﬂ, )

gedy fo(g,2) = pay,®) T gea, fo(U, )

Proor: Trivially,

drv (p1,p2) = Z/
<3 [ [ 1660 = Rl NG ) = el o)

/A (3> 2) — ol 2))dg] du(2)

By Holder inequality,

di(p1,p2) =2 (1 - Z/\// La, (00) f1 (91, 2)dA(7h) '/1Ay@2)f2(§27fﬂ)d)\@ﬁdﬂ(ﬂ?))
<2 (1 — Z//lA DV F1(G, ) (5, 2)dN(G )dﬂ(ﬂf)) =du(f1, f2)-

For fixed (y, x),

~
~
S
A
N
QU
>
—~
~
(@]

) f,2) /(.
/A (@)l ) s L
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since the Kullback-Leibler divergence is nonnegative. Thus,

/ fi(i / £, 2)10g 22D 43 (5) = pa(y, ) log 2T,

p(y; ) p2(y, 7)

This inequality integrated with respect to du(x) and summed over y implies (47). The

last claim follows from

f1< 25 )
ZEAy fa(Z, )

fl(/g?m)
ek f2(Ga)

f<y7 ) Sfl( ) fZ(ya )

Q.E.D.

LEMMA 7  For T, h;, 0;, and B} defined in Section 4.2, (i) i > B; fori=1,...,d and
(it) o; € (1,2] forie JEN{1,...,d,}.

Proor: For i ¢ J,, BF = B; by definition. For i € J,, from the definition of T',,,

2+ﬁ

1 —1
-1, -1 -1, .—1
|:NJ* /Nl] B _ 2t Tior NHBJ*g +5;

Iy <

= n .
1 Y
n

which implies N, fi> T, By the definition of 5}, N, = =TI, and, thus, 87 > 3.
For ¢ € J¢, from the definition of I,

|:NJ*N‘:| 246 f 5, T |:N_J:| 2+;;§

n n

which implies

2487¢ 8
N 24874 _pg-1
sz |: J*:| T - nﬂl -
n
FE
Fn Z ﬁia

-1
and, therefore, F;Bf N; > 1. Next, define

LF%—INZ-/QJ 41
Oi = 51 :

-1
Then o; € (1,2] as Ty N; > 1. Q.E.D.
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D.2. Proofs of Posterior Contraction Results

D.2.1. Proof of Theorem / for J¢ # ()

Define 8 = dye [> ;e B,;l}_l, Bmin = minjcye B, and o, = [&,/log(1/€,)]/#. For e
defined in (22)-(23), b and 7 defined in (17), and a sufficiently small § > 0, let ag = {(88+
4e + 8 + 88/ Buin)/(00)}7, a,, = ap{log(1/5,)}/7, and by > max{1,1/23} satisfying
&1 {log(1/¢,)}>/* < &,. Then, the proofs of Theorems 4 and 6 in Shen et al. (2013) imply
the following two claims for each y; = k € J; under the assumptions of Section C.1.

First, there exists a partition {Uj,j = 1,..., K} of {# € X : ||#|| < 2a,,}, such
that for j = 1,..., N, Uj, is contained within an ellipsoid with center ,u;‘k and radii

{0.5/5i€31b1’ = Jc}

dJC 2
Uik C {f >3 [(fz‘ - M?\kﬂ)/(ffvf/ﬁdﬁigibl)} < 1} ;
i=1
for j = N+1,...,K, Uj is contained within an ellipsoid with radii {05/&, i€ J°}, and
1< N < K < Co,%{log(1/€,)}2¢*4¢/™ where C; > 0 does not depend on n and y,.
Second, for each k € ); there exist &y, J =1, K, with o, =0 for 5 > N, and
psy € Uy for j = N +1,..., K such that for a positive constant Cy and 07 = {05/& for

i€ J},
(49)  du (fos (1K), fl(-k)) < Caol,

where f5 is defined in (33). Constant C» is the same for all £ € Y; since all the bounds
on fo;; assumed in Section C.1 are uniform over k.

Note also that our smoothness definition is different from the one used by Shen et al.

delivers an anisotropic Taylor expansion with bounds on remainder terms such that the
argument on p. 637 of Shen et al. (2013) goes through.
Third, by Lemma 12, which is an extension of a part of Proposition 1 in Shen et al.

(2013), there exists a constant By > 0 such that for all y; € YV,
(50)  Fos (X1 > a0, lys) < Boot*¥5,

where

8/8:

g, =mino
i€Je
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For m = N ;K we define 8* and Sy as:

o — {{m,...,u;}z ((hopin)s = L KL k€ )

{af,... a5} ={a}, = Gymos(k), j=1,... . K, k € Vit
o = {01 = 1/[6AN?Blog(1/0,)], i € J}

o ={of=0l/% i€ JC},}

S@* - {{,ulanum} = {(,ujk,Jalujk,JC)y ] = 17"'aKa k S yJ}?

1 1

tik.ge € Ujles  Mjki € {kl 4N, ki + 4N;

i
o7 € (0,07%), i€ J,
o7 € (o7(1+02%) " 07%), i€ J°,

% )

(Oél,...,O[m) :{Oéjk,jzl,...,K, keyj} EAmil,

m 0_26+djc

g |y, — | < 20%°, min - ajp > — :
- FSK kY 2m?

—

where A™! denotes the m-dimensional simplex.

The rest of the proof of the Kullback-Leibler thickness condition follows the general
argument developed for mixture models in Ghosal and van der Vaart (2007) and Shen
et al. (2013) among others. First, we will show that for m = N,;K and 6 € Sp., the
Hellinger distance d%(po(-,-),p(,|0,m)) can be bounded by ¢ up to a multiplicative
constant. Second, we construct bounds on the ratios p(-, -|¢, m)/po(+,-) and combine them
with the bound on the Hellinger distance using Lemma 11. Finally, we will show that the
prior puts sufficient probability on m = N;K and Sy-.

For f7; defined in (33), let us define

P (o, zlys) = / 17, 2l ).
AyI

For m = N;K and 6 € Sy, we can bound the Hellinger distance between the DGP and

the model as follows,

d%i(po('v ')7p('7 |Q’ m)) = d%](p0|J<'|'>7TO(')’p('7 |07 m))
< diy(pos (| )0 () Py (1) mos () + diy (05 (1) mos (), (-, [0, m)).
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It follows from (49) and Lemma 6 linking distances between probability mass functions
and corresponding latent variable densities that the first term on the right hand side
of this inequality is bounded by (C5)%02. Combining this result with the bound on
d%(pTJ('|‘)7TOJ('),p<'7 -|#,m)) from Lemma 13 we obtain

(51) d%{(p()("')vp('v'w’m)) S 0-7215’

where “<” denotes less or equal up to a multiplicative positive constant relation.

Next, for 8 € Sy« and m = N; K, let us consider lower bounds on the ratio
p(ys,yr, z|0,m)/po(ys, yr, ). In Lemma 16, we show that lower bounds on the ratio
f1(ys,210,m)/ fors(Z]ys)mo(y.s) imply the following bounds for all sufficiently large n: for
any x € X with ||z]| < a,,,

0 26
(52) p(yJaylaxl >m) > 03 O = )\n>

po(ys,yr,x) 7 2m?

for some constant C5 > 0; and for any z € X with ||z|| > a,,,

I 2
(53) p(vayh'rl 7m) 2 exp{ ||l’|| —O IOgTL}
pO(vayI7x) 0

for some constant Cy > 0. Consider all sufficiently large n such that A, < e™! and (52)
and (53) hold. Then, for any 0 € Sy,

2
) b ) 7x07m
(54) Z/ (10g Poly1, 1, 7) > 1 {p(y‘] ur, 2l m) An}po(yj,yz,x)dx

vey (vryrxld.m)) = polyr. )
2
_Z/< po(Ys, Y1, ) )
yey Py, yr, |60, m)
! {p%g(,yy;:yxj,ea’ﬁ?)n) < )\"} 1{gr € Ay, } fos(ys, T)dz
_Z/< po(ys, yr, ) )2
yEY (Y, yr, x|6,m)

1 {P(Z/J;Z/hxleam)

< )\n, |[L’ > agn,gj[ €A }fQJ(yJ,f‘)dii‘
pO(yJayfax) ‘ ’| .

2
SZ/ <10g pO(ijylax) ) 1{@} EAyI}fOJ(yJ73~7)dQ~3
{#:|z||>aoy, }

= p(ys, yr, xl0,m)

128 ) ) ~
< Z/{ ol , [ ||z||* + 2(Cy logn) } forr(@ly)1{y: € Ay, } dimos(ys)
T:||x||>a0y,

yey

Z / 13>, } {128||x||4+2(0410g") } Jo(Zlys)dimo (ys)

NI
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128 Z o, <HXH > (me] (HXH > aan))l/Qﬂ'oj(yJ)

+2(C4 logn) *Byo,**a),

< 05 UiﬁJrE

for some constant C5 > 0 and all sufficiently large n, where the last inequality holds by
the tail condition in (17), (50), and (logn)?c2#*+<g® — 0.
Furthermore, as A\, < e™1,

0
lo pO(meyqu) 1{p(yJ7ylax| 7m) < )\n}
p(yJ,ywa,m) po(yJ,ybI)

2
- (log po(Ys, yr, ) ) 1{]7(?/%?/1733‘077”) <An}
p

- (yJ7yIal‘|07m) pO(vayhm)

and, therefore,

0
(55> Z/ po Yj,Yyr,x ) l{p(yJ>yIax| ,m) < )\n}Po(yLyI,x)dx

yey yJ7yIax|0 m) pO(yJ7y]ax)

S 050721/B+8.

Inequalities (51), (54), and (55) combined with Lemma 11 imply

2
Py, yr. |0, m) p(Ys, yr, x|, m)
for any 0 € Sp-, m = N; K, and some positive constant A (details are provided in Lemma

17).
By Lemma 18 for all sufficiently large n, s =14 1/ + 1/7, and some Cg > 0,

(K (po, é,)) > Tl(m = N,K, 6 € Sp.)
> exp [—C’GNJg;dJC/ﬁ{logm)}dJchrmax{n,l,TQ/T}] .

The last expression of the above display is bounded below by exp{—Cné2} for any C > 0,
- [&} B/(28+d je) (

n

logn)t, any
ty > (djes+max{m,1,7/7})/(2+d;c/5), and all sufficiently large n. Since the inequality
in the definition of t; is strict, the claim of the theorem follows.

When J = () and N; = 1, the preceding argument delivers the claim of the theorem
if we add an artificial discrete coordinate with only one possible value to the vector of

observables.
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D.2.2. Proof of Theorem / for J¢ =)

In this case, the proof from the previous subsection can be simplified as follows. For

m = N; and for any > 0 we define §* and Sy« as
= {0t = ke ).

{a’l(v S ,0421} = {aza ke yJ} = {WU(k)}keyJ ’
*2 1 .
=70 = GiN2B1oa(1/on) ' € J}}’

1 1

S+ —{{M17-~,Mm}—{/ﬁk7 kGyJ}7 Uk € [ki_m’ki+4_M , 1€ J,

o={0;€(0,07), i€ J},
{aj’ J: 17"'?m} = {Oéka k € yJ} € Amila

o2b
2
Z log — af| < 2027, He%)nak>2_m2}
keYy 7

For m = N; and 6 € Sy, a simplification of the proof of Lemma 13 delivers

iy (po(-), p(10,m)) < 2max | ¢(yJ,uk, Vg + > laf — okl S o’
keYs

A simplification of derivations in Lemma 16 show that for all y; € V;
p(ysl0,m) _ 107
polys) — 22m?

Then, for any 6 € Sy«

> (log (p“—y‘])>21 {M < )\n}po(yj) =0

An-

o\ p(ysle,m) Po(ys)

5 (e ) { "y < e =0

RSN,
as ’% > N\, for all y; € V;. As A\, — 0, by Lemma 11 for A\, < Ay, both
Fy(log (’;0(‘%’3”)) and Fy([log %]Z) are bounded by C7log(1/)\,)%0%% < A& for some

constant A. By the simplification of Lemma 18 for this particular case for all sufficiently
large n and some Cg > 0,

T(KC(po, ) > Ti(m = Ny, 0 € S-) > exp [—CsN,{log(n)} 1))
The last expression of the above display is bounded below by exp{—Cné2} for any C > 0,
& = [22] 12 (logn)®, any t; > max{7,1}/2, and all sufficiently large n. Since the

inequality in the definition of ¢; is strict, the claim of the theorem follows.
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D.2.3. Auzxiliary Results for Posterior Contraction Rates

For a multi-index k = (ki,...,kq) € Z%, let k! = Hle k;!, and for z € RY, let 2% =

H;‘i:1 7
LEMMA 8 (Anisotropic Taylor Expansion) For f € CPr-Pol andr e {1,... d}

k
)
(56)  flz14+wyr,....,za+ys) = Z kaf(xl,...,xr,er + Y1, oo Td + Ya)

kelr
r k
Yy
(57) +ZZE(D’€JC(I1,-~7$I+Czkal’l+1+yl+17-~;1’d+yd)
=1 kel
(58) —Dkf(xh-'-,fl,xlﬂ+yl+1,-~,ivd+yd)>,

where CF € [z, 1+ yi| U [2 + yi, 1),

I’:{k::(kl,...,kl,(),...,o)eZd ki < |81 Zk/ﬁ] si= l}

I'= {k; el': k= |B01- ikj/ﬁj)Js}7

and the differences in derivatives in (57)-(58) are bounded by
BIA=32, ki/Bi)
L|¢™ :

PrROOF: The lemma is proved by induction. For r = 1, (56)-(58) is a standard univariate
Taylor expansion of f(z+y) in the first argument around (z1, 2+, . . ., Ta+ya). Suppose
(56)-(58) holds for some r € {1,...,d}. Then, let us show that (56)-(58) holds for r + 1.
For that, consider a univariate Taylor expansion of D f in (56). The following notation
will be useful. Let ¢; € R? ¢ = 1,...,d, be such that e;; = 1 for i = j and e;; = 0 for
i #  and Ky = [Bra(L— oy Ky /8) ). Then,

Dkf(l'la e s Ty Tyl F Yr1y oo, g+ yd) =

7”+1 'r+1

r+1 k+kpy1-€p
E L D i +lf(-rlw''7377’—‘,-17*%7“-{-2—|—y7‘-|—27"'733114_yd)
r+1
kr4+1=0
Y Fria bk, e
r+1 k+k:, e r+1°6r+1
+ L <D e (2, T g+ Gy s Trg2 Y142, - - T+ Ya)
r+1

k+k*, e
—D 1 r+1f(g;17...,xr,mr+1,xr+2+yl+2,...,xd+yd)).

Inserting this expansion into (56) delivers the result for r + 1.

Q.E.D.
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LEMMA 9 Let R(x,y) denote the remainder term in the anisotropic Taylor expansion
((57)-(58) for r = d). Suppose f € CPvPal and L satisfies (20)-(21). Let o = {o; =

05/@'7 i=1,...,d} and o, — 0. Then, for all sufficiently large n,

/ R(x,y)|6(5:0,0)dy < L(x)o?.

PROOF: Note that |R(x,y)| is bounded by a sum of the following terms over k € I' and
led{l,...,d}

v

A Dkf(x17"'7xl+Cfaxl+l+yl+17"'7xd+yd)

—-l)kj(aq,...,an,aq+1 +_yl+17"'7xd +’yd)

k

<

_yd /3.
L (l’ + (0’ s 707 yl+1:d)7 Clkel) ‘Clk‘ﬁl(l Liz1 Ke/B1)

IN
|

AN
o

!
54 kB,
() exp {ollyrsrall?} exp {mol|GHIPY [k 2= /P

k
3 Y —> ) ki/Bs
L(z) 25 exp {7o||y|[?} || 2= M)

IN

where we used inequalities (4), (20), and (21) and that (]| < |-

For all sufficiently large n such that 7y < 0.5/ max; o2,

k
T Y —¢ ki/Bi
/ ’L(x)yexp{ToHyH?} g 1O

¢(y;0,0)dy

-1
~ _N\d /B,
S L(@H/|yi|ki¢(yi;0§0i\/§)dyi'/?Jzkl |2 R (05 00v/2) dy
=1

3 _sd 8.
S L(CE‘)O'Ifl R O'llci_llO'l]cl+6l(1 z:1:1 kl/ﬂz)
B d
[ S B(1=325 1 ki/Bi) ~
= L(z)o™P/P ... ghiblbig i 1 _ F() Ko,

where we use [ |z]|°¢(z,0,w)dz S w? and kjyy = -+ = kg = 0 for k € I,. Thus, the claim
of the lemma follows.

Q.E.D.

LEMMA 10 Suppose density f, € CPvPel with a constant envelope L has support on
0,1]¢ and fo(z) > f>0. Then, fos € CBajerPaL/f

Proor: For z,Az € X, y; € V;, and some ¢y} € A,,, by the mean value theorem,

D" for, (& 4+ AZlys) — D" for,(Eys) =
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1 . - N
— / (DO ..... 07kf0(yj,$+A$) _DO ,,,,, OJCfO(yJ,ZU)) dyj
700 (Y7) Ay,
1/N.
— / J (DO ..... O’kfo(g},iz'-i-Ai) _DO ..... O’kfo(g;,f))
70 (Y1)

Q.E.D.

LEMMA 11  There is a A\g € (0,1) such that for any A € (0, \) and any two conditional
densities p,q € F, a probability measure P on Z that has a conditional density equal to

p, and dy, defined with the distribution on X implied by P,

PlogZ < &(p,q) (1+210g1)+2P{<logg)1<g§)\)},
q A q P
2 1 2 2
P(logg) < &(p,q) (12+2(10g—) >+8P{(log9> 1(Q§A)},
q A q D

PROOF: The proof is exactly the same as the proof of Lemma 4 of Shen et al. (2013),
which in turn, follows the proof of Lemma 7 in Ghosal and van der Vaart (2007). Q.E.D.

LEMMA 12 Under the assumptions and notation of Section 4.3, for for some By € (0, 00)

and any y; € Yy,

Fo (I1X1] > as,[ys) < Boota,

ProOOF: Note that in the proof of Proposition 1 of Shen et al. (2013) it is shown that
asT¢ > q, where a37% = {(83 + 4+ 16)/(bd)}'/™ and a37% = a§T%log(1/0,)"/". As ag >

ag’ and a,, > a3’ therefore a,, > a. Define E = {56 e RV« fo1(Zlys) > 0&45+2€+85/ﬂ“‘1“)/5}.

Note that by construction of sy in proof of Proposition 1 of Shen et al. (2013) and as

0, < S5 1t follows that

48 + 2 + 8 1 1 _ _ (4B+2:48) _
%1085 <—) > glogfo — on  ° > fo.
Forz € E] |
f0| (&) > 5 (4B+26+88/Bmin) /0 _ (88+4c+8B/Bmin+8)/0 —(4B+2:+8)/0

n

= fyexp {—b (ao(log(ai)l/T))T} = foexp {—bal }.

n
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As a,, > aand as fo;(Z|ys) > foexp{—ba] }, then the tail condition (17) is satisfied only
if ||Z|| < a,,. Therefore, EX C {Z € R¥ : ||Z|| < a,, }. As in the proof of Proposition 1
of Shen et al. (2013), by Markov’s inequality,

Foy (11X1] > s, lys) < Foa(Bsclys)

= Fys (fO\J(:ﬂyJ)_é > U;(4ﬁ+2€+86/6mm)|yJ)

as desired since i/ "™ = 0, and the tail condition on fo;(:|ys), (17), implies the existence
of a 6 > 0 small enough such that Eou(f(ﬁ) < By < oo for any y; € V;. Q.E.D.

LEMMA 13  Under the assumptions and notation of Section 4.3, for m = KN; and any
0 € Sy

dtr (Pl (- )mo (), p(-, [0, m)) < 0.
PROOF: Let us define
Foseilo,m) = [ 7,310, m)di
vy
Then,

dir (Pl ()70 (), p(-, 10, m)) < drv (Pl C[)mo(-), p(-s 16, m))
< drv (f5(1)mo (), £, -6, m))

= Z /X Z Zaﬂkﬂo(k)l{k:yJ}¢(f>M;lk=U§c)

Yys€EY keyy j=1

— Oéjk/ AUy Wk, g505)dYg - O(T, pjk,ge, 05e ) |dT
Ay,

K
Z Z@;ng{k = yJ}Qﬁ(i’, M;um 036) - a;k]‘{k = yJ}¢(CE, Hik,Je, UJc)

keyy j=1

K
Z Z%*'kl{k = ys}O(Z, Wy, ge, 0 g¢)

kEyJ ]:1

SZ/

YysEV x

v

Y€V x

- Oéjk (b(g;,ujk,J7UJ)dg¢(j7ﬂjk,JcanC) d‘%a
AyJ

where the first inequality follows from d%(-,-) < dry (-, -), the second inequality holds by
Lemma 6, and the last inequality is obtained by the triangle inequality.
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Let’s explore the two parts of the right hand side in the last inequality independently.

First,

> .

yseVs 7 |key, j—l

<> > Z%kl{k = ?JJ}/ |O(E, 151, 05e) — (T, ik, re, 0 e)

ys€YVy ke j=1

< max_dry(o(;

J<N,keY s

where the fact that a]*.vk

K
SN o d{k =y (&, . 05e) — k= ys Y&, pjk e, 000) | dE

dz

/“L;|k,o-§c), gb('?[!’jk‘,JC?O-JC)) /S 03?7

=0 for 7 > N by design is used to get j < N rather than j < K

in the max subscript. The last inequality is proved in Lemma 14.

Second,

> .

Y€V

k‘Ey]] 1

_ajk/ &G, kg, 0)ATrO(Z, ik ge, 0 ge)
Ay

sgzz

keij 1
Z 22
JEV s k€Y
Z
keY,y

kEyJ

<|a3k

Z O‘gkl{k =Yy — ayk/ (G, ik, 0.0)d s

keYy

Z oGk =ys} - Oégk/ (Y1, Wik, 0.7)dis

jk

( Y€V

> Z%kl{k = Ys YA, pjk,e; 0e)

dz

/(bxﬂjkjc O'Jc)d)

kl{k =y} — %k/ &Gy W75 07)dYg

]k/ ¢( Y Mk, 7,07)dy _a]k/ O(Ys ik, 0.0)dY s

1{k5 = yJ} / ¢ yJ,Mgk J,UJ)dyJ

— ay| / &G, tjk,g.07)dis
Ay,

)

HEk=ys} - / &Y, tik,g,05)dT s
Ay,

Oégk‘ Z/ ¢yJ>,u]kJ>UJ)d?JJ>

YyIEY

[/ Qs Hjk,a,0.0)dYs + Z / O(9.1, s, JJJ)dyJ]
keYy j=1

yrF£k
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K
-+ Z Z |Oé;k —Oéjk‘

keyy j=1
K K
= Z Za]*'k ’ 2/ O, 75 07)dY s + Z Z }a;k - Oéjk‘
keYy j=1 AL K€Yy j=1
K
<2 U7, 14 djj * =] < o?f.
<2, s, [ 0ot - 3 el <

The last inequality follows from Lemma 15 and the definition of Sy-.
Q.E.D.

LEMMA 14  Under the assumptions and notation of Section J.3,

JENkeY, Ay (S(5 1 05 ), O(-, Mg, ge, 05e)) S o0

ProOF: Fix some j < N and k € );. It is known that

drv ((5 Wi 05e), O, ik ge, 05¢)) < 2\/dKL(¢('; 151 O e ), (5 Wie,ge, 0e))

and

I o} o? (Mﬁki - Mjk:,i)Q
dKL<¢<7 ks UJC)a ¢<'7/*ij,Jc7 UJC>> = Z x2 1— IOg o*2 + : *2 ’

1eJe i 3 %

From the definition of Sp«,

* N2
(/L]|k,z lujkﬂ> < €4b1 < 0_45

0_*2 — N — n
ieJe v

Since 02 € (07%(1 4+ 02%)71,07?) and the fact that |z — 1 —logz| < |z — 12 for z in a

neighborhood of 1, we have for all sufficiently large n

o2 \?
i 48

(2

7

L 1 —1log

o or

‘ 2 2
% %

The three inequalities derived above imply the claim of the lemma.

Q.E.D.

LEMMA 15 Under the assumptions and notation of Section 4.3, for 6 € Sy«

max U ; o \di s < o8,
J<N,kEY; Aiqb(yJ::u]k,Jy J) [TNE
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PROOF: Fix j < N, k € Yy, and 0 € Spv. Since pij; € [k; ST ﬁ},

i i i | I
/;¢(yJ’Mjk’J’UJ)dyJ S rr (y f {k Ton it QND

ieJ
- 1 1
SZPT Ui ¢ Njk,i_maﬂjk,i+m
e v
4N,Lo'2
= 22/ (i, 0, 1)dy;
ieJ
<zzexp{ T }<zzaw<

i€J
where the last inequality follows from the restrictions on o; in Sp- and the penultimate

inequality follows from a bound on the normal tail probability derived below.

If Y; has N (0, 1) distribution, then the moment generating function is M (#) = exp{62/2}.

Note that exp{f(Y; — (4N;o;)" 1)} > 1 when Y; < (4N;0;)~! and # < 0, therefore,

e o ) »
/ &(1:,0, 1)dy; < ég(f)IP’exp {H(Yi — (4N;0;) )}

o0

= égg exp { —0(4N;o;) "} M ()
= ;Iglg exp {—9(4]\71-02-)*1} exp {92/2} = exp {_<4Ni0i)72/2} .
Q.E.D.

LEMMA 16 Under the assumptions and notation of Section 4.3, for any (ys,yr) € Y,

some constants C3, Cy > 0 and all sufficiently large n,

0 028
p(yJ7y[7:C‘ 7m> > CS_ — )\n,
pO(yJ7 yr, $)

when ||z|| < a,, and

0 8||z|[?
(60) p(yJa?/I7$| 7m) ZeXp{— ||:g|| —C4logn}
pO(vayhm) a

(59)

—n

when ||z|| > a,, .

PROOF: By assumption (17), fo.s(Z|ys) < fo, and mos(ys) < 1 for all (#,y,). Therefore,

fi(y, 2|0, m) 1 ~
(61 forr(Z[y.1)mos (y.1) 2 Jo” Fstys, 20, m)

Let k* = y;. Then, by Lemma 15, for any j € {1,..., K},

1

/ O(Gg; ke g 0.0)dYg > D)
yJ
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for all n large enough as o, — 0.
For any # € X with ||Z]| < 2a,,, by the construction of sets Uy, there exists

g € {1,..., K} such that Z, pijspx € Ujsp+ and for all sufficiently large n, >, .(Z; —
luj*|k*,i)2/o-i2 S 4. r:[‘hel’l7

¢(i‘7uj*‘k*7gjc> = (27-‘-)—djc/2 H 0_7;—1 eXp{ 0. 52 ,U/] |k, /0'12}

ieJe ieJe
Z (27T>_dJC/20-7;dJC€_2.

Thus,

Filysn, 20) =) Z%k/ (Y, Wik, 00)AGsO(Z, ik ge, 0 )

keyy j=1

> Qe (T, [l ge, O ge) &G, i, 07)dT s
Ay,

and for Cy = f; ! (2m)~%e/2e72/8,

=10 ) .
f"(:l”’x‘ ™) > fyt min o« k- (QW)_dJC/QU;dJCe_Q -
f0|J($\yJ)7T0J(yJ) JSK.k€Y,
o2B
(62) > 203— =2)\,.

By assumption (18), for any « € X, any y; € ), and all sufficiently large n,
(63) / Jors(Z|ys)mor(ys)dyr < 2/ Jors(Z|ys)mos(ys)dyr.
ij ijﬂ{gﬁ HZ‘?I”SCLGn}

For any x € X with ||z|| < a,, and g; € Ay, N{y; : ||71]| < ao, }, we have ||Z|| < 2a,, and

p(ys,yr, x|0,m) fAyI Ly, |0, m)dy;
po(ys, yr, x) fAyI for(&lys)mo. (ys)dyr
Sy o ln<anny £9 (W5 10, m)dgr

T2 [, i o <an,y Jo1 (Ely)mos (y)dgr

(64)

ny

where the first inequality follows from (63) and the second one from (62) combined with
Lemma 6.
Next, let us bound f;(ys, |0, m)/ fo;s(Z|ys)m0(ys) from below for & € X such that
> < o3l +
|| ttj,0¢|2) < 16]|z||* as ||pjk,se|| < 2a4, by construction of Uy and 2||z|| > ||Z]|. Then

O(&, pjk,ge,000) = (2m) " ]| UfleXp{ ~0.5) (% — i) 05}

ieJe ieJe

|z| > a,, and ||§;]] < a,,. For any j < K and k € Y, ||Z — pjpe
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8 2

2
Ihn

Then, for n large enough

K
Filys, &0,m) =Y Zajk/ (Y, Wik,g> 03)AYsS(Z, Wik, ge, 0 ge)
Ay,

keYy j=1

, _ 8|72 ) & . N
> (2m) ez doe exp{— ||02|| }Zajk Z/ O(G1: tjr,7,05)dYs
=n Ay s

=1  key;

8||x|[*] 1
2 (27T>*dJE/20-T:dJC exp {_ ||.T2|| } §Km}€najk
gn Js

Combining this inequality with (61), we get
~ 2B+d e 2
Jorr(@lys)mos(ys) — 2 2m? a;
8 2
(65) > exp {— Hl;” — Cylog n}
o

—n

for sufficiently large Cy because |log [Ko2? /m?] | < logn.
Thus, for ||z|| > a,,, (65) and the first inequality in (64), which holds for any = € X,
deliver

0 8]|x|[?
(66) P(ys, yr 16, m) > exp {— HJ;H — Cy logn} :
pO(yJawar) I

Q.E.D.

LEMMA 17 Under the assumptions and notation of Section 4.3, for A\, < Ao, where Ay

1s defined in Lemma 11,

2
EO |:10g pO(yJa Yyr, l’) :| S Agi
p(va Yyr, .Tl@, m)

E0<{log po(ys,yr, ) }) SAgi
p(yJayla$|9am)

PROOF:
poysyr,z) 17
Ey [log — }
p(ys, yr, x|, m)

< &% (po(-, ), p(-, |0, m)) <12 2 (Iog %> )

+8P{(log1%>zl {W < )‘n}}
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o1

< 02712 + 21og(1/0,)?) + 0277 < log(1/An)%0 %,

where first inequality is derived using Lemma 11 and penultimate inequality is derived

using inequalities (51) and (55). Similarly,
E, (1og po(y.s, yr, ) )
p<yJ7yI7$|9anl)
1
< (oot 10.m) (142 (10 ))
pO(U') p(3'|077n)
+2P{(lo —)1{— <A\
S p(o18m)) U po()

S 02 (1+ 21og(1/A,)) + 027t < log(1/An)o2l.

Furthermore,

IN; K2\ >
1og<1/An>affs1og<1/An>%iﬂ=1og< b ) & (log(&,))
On

< (los[2N3(Croy - {log (e, )} e/ 20 2\
- log (€, ") :

where the term multiplying €2 on the right hand side is bounded by Assumption 5 (N =
o(n'™")) and definitions of ¢, and o,. Q.E.D.

LEMMA 18  Under the assumptions and notation of Section 4.3, for all sufficiently large
n,s=1+4+1/8+1/7, and some Cg > 0
I(m = N;K,0 € Sp«) > exp [—C'@Njggd-’c/ﬁ{log(n)}dJCSeraX{Tl71’72/7}} .

PROOF: First, consider the prior probability of m = N;K. By (3) for some Cg; > 0,

(67)  II(m = N;K) o exp[—a1oN; K (log N;K)™]
> expl—Car Ny &, *{log(1/&)} " (log )"

> eXp[—C’ﬁlNJg;dJC/ﬁ{log(n)}sdJchn]

as Ny = o(n'™) by (24) and €, < n.
>

Second, consider the prior on {a;}. There exist (jo,ko) such that o, > L and

Joko
suppose that |af, — x| < ‘;nif for all (4, k) # (jo, ko). Then,

025 025
|k = Cioko| = | D> e — | < (m— 1)# <=
(k) #(Goko)

m
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028 1 _ 28 2B+d e
> a n n
Qioko = Hjoko — T” =TT = Toe
Furthermore,
K 28 28
* o g 2
> D g —ajl < (m—l)#Jrﬁ < 20,7,
j=1 keYy

It then follows that

K 25 o 2B+de
: ;kgy: 256 = el < 200" J<1r?irelyj e
- J
28 026 .
> 11 (Joge = ) < s > 225 ) € (Lo K X 90\ (G}
> exp { —CiaN; K log(N; K /o) }
where the last inequality is derived in the proof of Lemma 10 in Ghosal and van der Vaart

(2007) for some Cgo > 0 (see, also, Lemma 6.1 in Ghosal et al. (2000)). Note that

(68)  Klog(N;K/o%)
< ¢ dJC/ﬂlOg( )dJCS].Og<NJ€ dje/B— 110g( )dJcs+1>

5 é”r:dJC/IB log<n)d‘]68+1.

Assumption (11) on the prior for o; implies that for ¢ € J

dy
(69)  J[m(e;? = 32N Blogo, ")

i=1
dy

> H (ag(64N7Blog o, ") exp { —ag(64N; Blog cr;l)l/z})
i=1

> exp{ Ce3Njlog(o } > exp{—CgN;log(n)},

and for i € J¢,

dje de
() [[(e <o <oi2(1+02) = [ (as(02) 702 exp { a0} })
i=1 i=1
dye dje
> H exp {_06501‘_,,%} = H exp {_06507:/5//92‘} > exp {_065dJCO_;dJc}
i=1 i=1

> exp{ Ce6€;, dye/B log(n dJC/IB}

Assumption (7) on the prior for p;j implies

U 19101 LIRS R NS

Jj=1keYyicJ
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23

d A Ny K
> (a112 dJNJleXp{—alg}) /

Z exp {_CG7NJK IOg(NJ)}

> exp {—C’ﬁgNjédeJc/ﬁ log(n)d”SH}

and

K Ny K
(72) H H IT (pj,ge € Ujr) > (au exp {—appal? } Hﬂn Vol(Uj|k))
j=1keY; ’

N N;K
= (au exp {—algaT2 } Ug” eibld‘”)

On

> exp {_C6QNJg;dJC/B log(n>dJcs+max{l,7-2/T}} .
It follows from (67) - (72), that for all sufficiently large n and some Cg > 0,

H(’C(p()vgn)) Z H(m = NJK,Q I~ Sg*)

Z eXp[_CGNJgr:dJC/IB{IOg(n)}djcs+maX{T1,17T2/T}] .

Q.E.D.

LEMMA 19 For He N, 0< o <7, and > 0, let us define a sieve

(73) F= {p(y,x|9,m) -m S H? M < [_Huﬁ]dvj = 17"‘7m7

o; € [o0,7],i=1,...,d}.

For0<e<lando <1,

e st [5] " [ 2] [t |

For all sufficiently large H, large @ and small o,

I1(F°) <H?d exp{—a3i™} + exp{—a1oH (log H)™}

+ day exp{—azc**} + day exp{—2a5log 7}.

PROOF: The proof is similar to proofs of related results in Norets and Pati (2017), Shen
et al. (2013), and Ghosal and van der Vaart (2001) among others.

Let us begin with the first claim. For a fixed value of m, define set S" to contain centers
of S| = [12fid/(ce)] equal length intervals partitioning [—7, 77]. Let S;' be an ¢/3-net of
A™ 1 in total variation distance (Vo € A™ ! Ja € S™, dry(a, @) < €/3). From Lemma

A.4 in Ghosal and van der Vaart (2001), the cardinality of S, is bounded as follows

«

|Sa'] < [15/€]™.
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Define S, = {o!,1 =1,...,[log(c/c)/(log(1 + ¢/(12d)], 0t = o, (¢! —c') /o' = €¢/(12d)}.
Let us show that
Sr=A{py,x|0,m): m < H, a €S}, 0, €S,, puj; €S, j <m, i < d}
is an e-net for F in dpy. For a given p(-|0, m) € F with o < o; < ottt i=1,...,d, find
a € 5y, fiji € Syx, and 6; = 0y, € Sy such that forall j =1,...,mandi=1,...,d

‘0} — 6}’ €

g€ €
] <= § sl < = < .
|ILLJZ Mjll — 12d7 ; |a] a]| — 3’ 6_1/ — 12d

By Lemma 6, dpy (p(-|0,m), p(-|6,m)) < dry (f(-|6,m), f(-|8, m)). Similarly to the proof
of Proposition 3.1 in Norets and Pelenis (2014) or Theorem 4.1 in Norets and Pati (2017),

dry (f(10,m), F(-10,m)) <D o — ;| +2 jmax o(5 1, 0) — (5 1y, 01

] 7777
gi — fizi| | loi — Gl
<¢e/3+4 < e
6/ + Z{mm(gﬂal)+min(0i,5i) =€

This concludes the proof for the covering number.

The proof of the upper bound on II(F¢) is the same as the corresponding proof of
Theorem 4.1 in Norets and Pati (2017), except here the coordinate specific scale param-
eters and slightly different notation for the prior tail condition (8) lead to dimension d

appearing in front of some of the terms in the bound.

Q.E.D.

LEMMA 20 Consider ¢, = (N;/n)Pe/@8se+ D (1og )t and

& = (N /n)Pre/@BretD) (log n)o with t; > t; 4+ max{0, (1 — 7)/2} and t; > t;0, where
tyo is defined in (25). Define F, as in (73) with € = €,, H = ne2/(logn), a = e ™
o =n"Y0C®8) G = e and @ = n'/™. Then, for some constants c1,c3 > 0 and every

ca > 0, F, satisfies (28) and (29) for all large n.
PrROOF: From Lemma 19,

log M, (e, Fn, p) < c1Hlogn = cine?.
Also,

I(FS) < H? exp{—aizn} + exp{—a;oH (log H)™}
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+ ay exp{—asn} + as exp{—2asn}.

Hence, II(FS) < e~ (@& for any ¢, if €2(logn)™"!/&2 — oo, which holds for t; >

t; +max{0, (1 —7)/2}.

Q.E.D.
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