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1. Introduction

A linear model Y; = X/B, + ¢; with the conditional moment
restriction E(¢;]X;) = 0 is a standard regression model, which is
widely used in statistics and econometrics. This paper analyzes
asymptotic properties of a Bayesian semiparametric approach to
estimation of this model. The approach is to model the distribu-
tion of the error term by a normal distribution with the variance
that is a flexible function of covariates. For example, Gaussian pro-
cess priors, splines, or polynomials can be used to build a prior
for the variance. Normality of the error term guarantees that the
Kullback-Leibler (KL) distance between the model and the data
generating process (DGP), which does not necessarily satisfy the
normality assumption, is minimized at the data generating values
of the linear coefficients and the conditional variance of the error
term. Thus, one can expect that the posterior asymptotically con-
centrates around the true values for these two parameters. The
normality assumption can also be justified by appealing to the
principle of maximum entropy of Jaynes (1957) when only the first
two conditional moments are of interest.

The main result of the paper is a semiparametric Bernstein-von
Mises theorem under misspecification: even when the distribution
of the regression error term is not normal in the DGP, the posterior
distribution of the properly recentered and rescaled regression co-
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efficients converges to a normal distribution with the zero mean
and the variance equal to the semiparametric efficiency bound. The
equality of the variance to the semiparametric efficiency bound
suggests that the Bayesian inference about the linear coefficients
based on this model is conservative in the following sense: the pos-
terior variance in a correctly specified parametric model is likely
to be smaller than the posterior variance in a model that postu-
lates normally distributed errors with the flexibly modeled vari-
ance. With carefully specified priors, Bayesian procedures usually
behave well in small samples. Thus, the Bayesian normal linear
regression with nonparametric heteroskedasticity can also be an
attractive alternative to classical semiparametrically efficient esti-
mators from Carroll (1982) and Robinson (1987). At the same time,
the results of the paper provide a Bayesian interpretation to these
classical estimators.

Several different approaches to inference in a regression model
have been proposed in the Bayesian framework. In a standard text-
book linear regression model, normality of the error terms is as-
sumed. More recent literature relaxed the normality assumption
by using mixtures of normal or Student t distributions. However,
if the shape of the error distribution depends on covariates then
the posterior may not concentrate around the data generating val-
ues of the linear coefficients (Miiller, 2013). Lancaster (2003) and
Poirier (2011) do not assume linearity of the regression function
and treat the linear projection coefficients as the parameters of in-
terest. They use Bayesian bootstrap (Rubin, 1981) to justify from
the Bayesian perspective the use of the ordinary least squares es-
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timator with a heteroskedasticity robust covariance matrix. Pele-
nis (2014) demonstrates posterior consistency in a semiparamet-
ric model with a parametric specification for the regression func-
tion and a nonparametric specification for the conditional distri-
bution of the regression error term. It is also possible to estimate
a fully nonparametric model for the distribution of the response
conditional on covariates, see, for example, Peng et al. (1996),
Wood et al. (2002), Geweke and Keane (2007), Villani et al. (2009),
and Norets (2010) for Bayesian models based on smoothly mix-
ing regressions or mixtures of experts and MacEachern (1999),
Delorio et al. (2004), Griffin and Steel (2006), Dunson and Park
(2008), Chung and Dunson (2009), Norets and Pelenis (2014), and
Pati et al. (2013) for models based on dependent Dirichlet pro-
cesses. These fully nonparametric models require a lot of data
for reliable estimation results and prior specification is nontrivial.
The model considered in the present paper is more parsimonious.
Nevertheless, it delivers consistent estimation of the first two con-
ditional moments, conservative inference about the regression co-
efficients, and it is robust to misspecification of the regression error
distribution. Thus, it can be thought of as a useful intermediate step
between fully nonparametric and oversimplistic models.

Bayesian Markov chain Monte Carlo (MCMC) estimation algo-
rithms for the normal regression with flexibly modeled variance
have been developed in the literature; see, for example, Yau and
Kohn (2003) and Chib and Greenberg (2013), who use transformed
splines, or Goldberg et al. (1998), who use transformed Gaussian
process prior for modeling the variance. In those papers, the mod-
els with flexibly modeled variances were shown to perform well
in simulation studies. Thus, the present paper considers only the
theoretical properties of the model.

The rest of the paper is organized as follows. Section 2 describes
the DGP. The model is described in Section 3. The Bernstein-von
Mises theorem is presented in Section 4. The assumptions of the
theorem are verified in Section 5 for priors based on truncated
Gaussian processes and multivariate Bernstein polynomials. Sec-
tion 6 concludes. Proofs are delegated to Section 7.

2. Data generating process

The data are assumed to include n observations on a response
variable and covariates (Y", X") = (Y1, ..., Yy, X1, ..., X;), where
Y, € Y € RandX; € X C RYi € {(1,...,n). X is
assumed to be convex and bounded set with a nonempty interior.
The observations are independently identically distributed (iid),
(Y;, X;) ~ Fo. The joint DGP distribution Fy is assumed to have a
conditional density fy(Y;|X;) with respect to (w.r.t.) the Lebesgue
measure. The distribution of the infinite sequence of observations,
(Y, X*°), is denoted by F3°. Hereafter, the expectations E(-) and
E(|-) are taken w.r.t. the DGP Fg°.

Let us make the following assumptions about the data gen-
erating process. First, E(Y;|X;) = X]Bo. Thus, for ¢ = Y; —
X!Bo, E(&ilX;) = 0. Second, E(X;X!) is invertible. Third, oZ(x) =
E(e,? |Xi = x) is well defined for any x € X, and for some 0 < o <
o < 090,

oo(x) € (0,0), VxeX. (1)

3. Model, prior, and pseudo true parameter values

In the model, it is assumed that the regression error term
is normally distributed conditional on covariates, €;|X;, 8,0 ~
N(0, o2(X;)). Note that this normality assumption is not made for
the DGP and the model can be misspecified.

LetS C {0 : X — [o,0c]} be a complete separable metric
space and « be a Borel o-field on RY x S. Let IT denote a prior
distribution for (8, o) on (RY x 4, ). IT is a product of a normal
N(B, H™1) prior for 8 truncated to [—B, B]¢, where a lower bound

on a finite constant B is specified below, and a prior distribution for
o on S. Itis also assumed that oy € S.

The prior on S will be assumed to put a sufficiently large
probability on the following class of smooth functions

Sve =10 :X — [0,5]: max sup|do(x)|
k1+-t+ka<a xex

+ max sup
kyt-tka=a x27e %
where k = (kq, ..., kg) is a multi-index, 3% = 3% /3%1x; - - - dkaxy is
a partial derivative operator, and « is the greatest integer strictly
smaller than @ > 0.
The distribution of covariates is assumed to be ancillary and it
is not modeled. The likelihood function is given by

k _ak
000 —d0@| _ ,
x—zfe—  —

p(Y'X", B,0) = [ | pp.o (YilX0),

i=1

Pp.o (YilXi) = ﬁ S exp <—
' i1 «/EG(XI‘)

For A € A, the posterior is given by
Y'|X", B, 0)dIT(B,
H(A|Y",X"): ./;{p( | B,0) B,0) .
Jrays POY"IXY, B, 0)dIT(B, 0)

In misspecified models, parameter values minimizing the KL
distance between the model and the DGP are called pseudo true
parameter values. It is well known that in models with finite di-
mensional parameters the maximum likelihood and Bayesian esti-
mators are consistent for the pseudo true parameter values under
weak regularity conditions (see Huber (1967), White (1982), and
Gourieroux et al. (1984) for classical results and Geweke (2005)
and Kleijn and van der Vaart (2012) for Bayesian results). Analo-
gous results for misspecified infinite dimensional models are ob-
tained in Kleijn and van der Vaart (2006).! Thus, the following
lemma suggests that in the regression model described above the
posterior concentrates around (8g, o) in large samples.

(Y; — X/ B)?
202(X;) ) '

Lemma 1. Consider the DGP and the model described above. Suppose
E(|logfo(YilX))|) < oo. Then,

E <1og M) _
pg.o (YilX)

If E(XiX]) is positive definite, then the minimizer is Fy almost surely
unique.

(ﬁ07 GO) €

argmin
Berd o:X—[0,5]

The lemma is proved in Section 7.

4. Semiparametric Bernstein-von Mises theorem

The standard Bernstein—-von Mises theorem shows that in well
behaved parametric models the posterior distribution centered at
an efficient estimator and scaled by /n converges to a normal
distribution with the zero mean and the variance equal to the
inverse of the Fisher information, see van der Vaart (1998) for
a textbook treatment under weak regularity conditions. Thus,

1 There is a considerable body of research on posterior consistency in correctly
specified nonparametric models. A general weak posterior consistency theorem for
density estimation was established by Schwartz (1965). Barron (1988), Barron et al.
(1999), and Ghosal et al. (1999) developed theory of strong posterior consistency.
An alternative approach to consistency was introduced by Walker (2004). Posterior
convergence rates were studied in Ghosal et al. (2000) and Shen and Wasserman
(2001). Belitser and Ghosal (2003), Ghosal et al. (2003), Huang (2004), Scricciolo
(2006), Ghosal et al. (2008), van der Vaart and van Zanten (2009), Kruijer et al.
(2010), and Gine and Nickl (2011) among others analyzed adaptation of posterior
convergence rates.
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the theorem implies asymptotic equivalence between standard
confidence and credible sets. Chernozhukov and Hong (2003) and
Kleijn and van der Vaart (2012) prove Bernstein-von Mises type
theorems for misspecified parametric models,”> and Panov and
Spokoiny (2013) consider settings with increasing dimension of
the nuisance parameter. Shen (2002) gave a set of conditions for
asymptotic normality of the posterior of a finite dimensional part
of the parameter in semiparametric models. The conditions are
general but difficult to verify. Deriving easier to verify sufficient
conditions for the non- and semiparametric Bernstein-von Mises
theorem is an active area of current research, see, for example,
Bickel and Kleijn (2012), Castillo (2012), Rivoirard and Rousseau
(2012), Kleijn and Knapik (2012), Kato (2013), Castillo and Nickl
(2013), Castillo and Rousseau (2013), and Castillo and Nickl
(2014). Misspecified semiparametric models are not covered by
the existing results.

Frequentist estimation of a semiparametric regression outlined
in Section 2 was considered in Chamberlain (1987). He shows
that the semiparametric efficiency bound for estimation of Sy is
given by (E(XiX/ oo (X)) ™%)) ~! This is the asymptotic variance of the
generalized least squares estimator under known oy,

-1
. "OXX] XY
Pats (; Uo(Xi)2> ; o0 (Xi)?
It follows from Carroll (1982) and Robinson (1987) that if og is
estimated by kernel smoothing or nearest neighbor methods and
plugged in the formula for BGLS the resulting estimator attains the
efficiency bound. The following Bernstein-von Mises theorem is a
Bayesian analog of these results.

Theorem 1. For the DGP from Section 2 and the prior from Section 3,
let us make the following additional assumptions.
1. E[€}] < o0
2. There exist « > d/2 and positive sequences &, and M, satisfying
Sin— oo and (M,/8)¥*/(8%n) — 0,
VIE (Xgeil 1{|Xjei| > Cy/ns{! /GO -d/C0y) s o,
VCe(0,0),j=1,...,d,
§(1-4/Ca) ppd/@e) _ g

3. For any constant A > 0, I[1(o :
n— oo.

4. The truncation bound in the prior for j satisfies B > (G2/a?)
IEIX:Yilll2/emin (E(XiX[)), where emin(E(XX)) is the smallest
eigenvalue of E(XiX]).

5. For any C > O there exists r € (0, 1) such that for all sufficiently
large n,

e
n <o, B: E |:log M} < C(Sﬁ) > exp{—nrCs2}.
pp.o (YilXi)

Then, the total variation distance

o € Sy, o) exp{An} — 0as

drv (TTIVAB = Bas) Y™, X", N (0. (X000 2) ")) (2)

converge to 0 in F§° probability. This result also holds if BGLS in(2)is
replaced by the posterior mean f BdIT(BIY", X™).

The theorem is proved in Section 7. The proof exploits the fact
that the conditional posterior for /n(8 — PBgs) given o is a
truncated normal distribution, which is close to N(0, (E[XiX/oo

(Xi)*z])fl) when o is close to op. Arguments based on maximal

2 n parametric misspecified models, asymptotic normality of posterior does not
in general imply asymptotic equivalence of standard confidence and credible sets
due to the failure of the information equality.

inequalities for classes of functions that change with n from Pol-
lard (1984) and van der Vaart (1998) are used to make this claim
precise and to show that the posterior of o concentrates on og suf-
ficiently fast.

The assumption of the bounded parameter space (o < 0p < 0
and B < oo) is admittedly restrictive. However, it appears to be
difficult to relax under misspecification. Similar assumptions are
also made in the previous related literature: Kleijn and van der
Vaart (2006) assumed a fixed variance and a bounded range for the
conditional mean in their misspecified regression example; Carroll
(1982) and Andrews (1994) assume a strictly positive lower bound
for the conditional variance function. Bickel and Kleijn (2012) do
not assume bounded space for regression coefficients in their anal-
ysis of homoskedastic partially linear regression, which suggest
that it could be possible to use their approach to relax this assump-
tion under a correctly specified model.

The assumptions of Theorem 1 on the prior are easy to verify in
applications. Assumption 5 of prior concentration on KL neighbor-
hoods is standard in the literature. Verification of Assumption 2 can
be simplified when the distribution of ¢; has subexponential tails:
when fy(x' By £ €]x) < e P¢ forsome D > 0, allx € X, and all
sufficiently large €, the assumption holds for

M, =n"1, 8y =n"7,

(3)

%) Y1 < [2a/d — 1]y,.

1
-—
6+d/a
Assumption 3 is easy to verify for priors that provide explicit dis-
tributions for derivatives. The following section verifies the as-
sumptions of the theorem for priors based on truncated Gaussian
processes and multivariate Bernstein polynomials.

5. Examples of priors

5.1. Truncated Gaussian process

Priors based on Gaussian processes are extensively used in
Bayesian nonparametrics; see, for example, Tokdar and Ghosh
(2007), Tokdar (2007), van der Vaart and van Zanten (2008), Liang
et al. (2009), and Tokdar et al. (2010). In this section, I consider
a prior for o based on integrated Brownian motion. Relevant
technical background can be found in Section 4 of van der Vaart
and van Zanten (2008).

Let X = [0, 1], W(x) be a Brownian motion on X with con-
tinuous sample paths, I'W)(x) = f; W(t)dt, and (FW)(x) =
Jo@='W)(t)dt for j > 2. Suppose oo € S« for some (M, o)
and 0 < oy < o. For a positive integer J, let us model o (x) by
W) + Zf:o Zi¥ /j! truncated to [o, o], where Z's are i.i.d.
M (0, 1) independent of W. More formally, let W denote the prob-
ability measure for W and Z;'s, which is defined on C([0, 1]) and its
Borel o -field. Define an event,

J
T = {(ﬂW)(x) +Y Z¥/jl € [0, 5], ¥x € [0, 1]}

j=0
and for a measurable set E,

J
o €eE)="W <|:(I"W)(x) + Zijf/j! € Ei| ﬂT) /’W(T).
j=0

Proposition 1. Assume that the tails of €; are subexponential. Then,
forany] > 3and oy € ((J + 1)/(2] — 1),] + 1/2], Assump-
tions 2, 3 and 5 of Theorem 1 hold.

5.2. Multivariate Bernstein polynomials

Priors based on Bernstein polynomials and related mixtures of
beta models were considered in Petrone (1999), Ghosal (2001),



412 A. Norets / Journal of Econometrics 185 (2015) 409-419

Petrone and Wasserman (2002), Kruijer and van der Vaart (2008),
Rousseau (2010), and Burda and Prokhorov (2013) among others.
Bernstein polynomials play a prominent role in function approxi-
mation literature especially when it comes to shape preserving ap-
proximation, see a monograph by Lorentz (1986). As shown below,
multivariate Bernstein polynomials are also convenient for setting
up priors that respect bounds on partial derivatives and thus satisfy
sufficient conditions in Theorem 1.

In this subsection, X = [0, 1]%. For functions f : [0, 1] — R,
a Bernstein polynomial operator of order m; w.r.t. coordinate i is
defined as follows,

M = \ L ) m; i (1 _ . \Mi—di
(BI"1) () EX_;f(m,x_)(ji)»d(l x)m,

1

where x = (x;,x_;), x; € [0, 1], and x_; € [0, 1]%". Also let 3
stand for a partial derivative of order XA; w.r.t. to coordinate i and
D" stand for a first difference operator’ w.r.t. coordinate i

FQA=1/mpx; + 1/my, x) — F((1 = 1/my)x;, X_;)
1/m,~ '

D{"f (x) =
For a given m;, define A;th difference by D] = p"~**!p[i~*i*?
~~~D;"i.Formulti—indicesm =(myq,...,myandA = (A, ..., Ay),
m > A, denote a multivariate Bernstein polynomial operator of
order m by B™ = B} ...B,*, a multivariate difference operator

by D™* = DT]’)\1 . ~D;(""’A", and a partial derivative of order A by
A A
o =M ... g,
Part (v) of Lemma 11 shows that

o/B" = B""'DJ". 4)
From a repeated application of (4) it follows that 8? B =
B D" Since for any m;, g, and i # k, we have B["D! = D/B",
it follows that
8)LBm — Bmf)LDm,}L. (5)
For m € N¢ let us define a collection of points (a grid on [0, 1]¢)
G" = {x € [0, 12 x; =j/m = (r/mu, ..., Jx/mi), 0 <j<m},
where the inequalities hold coordinate-wise and o is a vector of
zeros. Let us denote a multivariate Bernstein polynomial of order
m with parameter g = {gj, 0 <j < m} by

P i—Ji
B"(x;g) = ) gj]_[( 4 )X§(1—xi)’” i,

og=m =1 Ji

For any given parameter g and a function f : [0, 1]¢ — R such that
g =f(G"),

B"(x; g) = (B")(x), Vxelo, 1],

and we can also define

D™ (x; g) = D™ f)(x), VxeG" ™ (6)
Let us consider a sample size dependent prior* IT, that puts
probability 1 on m such that my = - - - = my = n”3, where
ygztﬂ‘;%‘%, o=1d/2) +1, 7)

and the dependence of m on n is not reflected in the notation for
brevity.

3 This definition is from Majer (2012), who briefly outlines an argument for
why partial derivatives of multivariate Bernstein polynomials for f approximate
corresponding partial derivatives of f; the details of the argument are worked out
here in Lemma 11.

4 The proof of Theorem 1 does not require any changes when the prior is indexed
by n.

Conditional on m, o(x) = B™(x;g™) and the prior for g™ is
assumed to have a positive density w.r.t. the Lebesgue measure
on RM+D? This density is assumed to be bounded from below

d
by gé"“H) for some 7, > 0on the restrictions defined in (8) and
equal to zero elsewhere.

g" €lo,o] foro<j<m;

d
8
ID™*(x; g™ < M, for Y A < |d/2] +1,x€G", ®)

i=1
_ [a/d—1](1 —5s)?
T dl6+4d/a]
and s is a constant in (0, 1).

Lemma 11 provides explicit formulas for D™*(G™*; g™) that
are linear in g™. Thus, the model with the sample size dependent
prior can be implemented by truncating a positive density for
the Bernstein polynomial coefficients to a set of linear inequality

restrictions in (8) and using Markov chain Monte Carlo methods
for estimation.

M, =n"1,

(9)

Proposition 2. Assume that the tails of €; are subexponential and
o9 has uniformly bounded partial derivatives up to order |d/2] + 2.
Then, for the prior specified above, Assumptions 2, 3 and 5 of Theo-
rem 1 hold.

5.3. Other possible priors

It should be possible to verify the assumptions of Theorem 1 for
other common nonparametric prior distributions. First, a wavelet
prior in the spirit of Gine and Nickl (2011) (p. 5 display (5)) is likely
to satisfy the assumptions as it imposes an explicit uniform bound
on the Holder norm. Such a prior might be easier to implement
than the prior of Section 5.1 since it does not involve truncation
(the advantage of the prior of Section 5.1 is that it does not require
uniform bounds on derivatives). Second, the sufficient conditions
for the truncated Gaussian process in Proposition 1 show that
an increase in the smoothness of the process, J, only weakens
the sufficient conditions. Thus, truncated Gaussian processes with
analytical sample paths, such as a process with the squared-
exponential covariance kernel, are likely to satisfy the assumptions
as well. Finally, a verification of the assumptions for a prior based
on splines was present in an earlier version of the paper and is
omitted from the current version for brevity.

6. Conclusion

The paper proves asymptotic normality of the posterior of the
coefficients in possibly misspecified heteroskedastic linear regres-
sion model. The model is shown to be robust to misspecification
in the distribution of the regression error term. Thus, this model
should be a more prominent part of the Bayesian toolbox for re-
gression analysis.

7. Proofs

Proof. Lemma 1.

foyIx)
f ‘o8 (2m)=%%0 (x) ! exp{—0.5(y — X/ﬁ)z/a(x)z}dFo(y, X)
B2
- / |:10gf0(y|x) +0.5 ]0g(27'[o'(x)2) + (yzg();ﬁ)] dFy(y, x).

Since E[(Y; — X/8)?1X) = 0o(X)® + [X/(B — Bo)I*. B = foisa
minimizer of the KL distance foranyo : X — [0, o].Itisaunique
minimizer if E(X;X/) > 0. For any fixed x, log o%(x) 4+ 0§ (x) /0 (x)
is uniquely minimized at o (x) = og(x). O
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Proof. Theorem 1.
Conditional on o, the posterior of B, IT(Blo,Y", X"), is
N(B, H™!) truncated to [—B, B]%, where

— _ XiY;
H= H+ZG(X)2 and B—=H (H,B—I—ZU(X)Z)

A derivation of the conditional posteriors in linear regression mod-
els can be found, for example, in Geweke (2005). The (marginal)
posterior of 8 can be expressed as

eIy, X" =/H(ﬂ|a,Y”,X")dH(0|Y",X").

The conditional posterior of the normalized coefficients z =
V(B — Bais) is
N@o,¥", X" o ¢ (2,/n(B — pas), H/m ")

X B pegs) @)

where ¢ (-, -, -) denotes the density of the normal distribution and
1.(+) is an indicator function.

The total variation distance of interest can be expressed as fol-
lows

dry (H[zlY”, X", N (o, (E[x,-x;oo(x,-)—z])”))
=/Vn(z|o,Y”,x")dn(a|Y",x")

dz

—p (2.0, (EIXX 00t ) )

5//\n(z|o—,vn,x")

—¢ (z, 0, (E[x,-x;ao(xi)*z])”) |dzd T (o [Y", X™). (10)

At this point in the proof, let us derive a bound on the total variation
distance between two normal distributions and introduce notation
for various matrix norms that will be used below. By Kemperman
(1969) (or Proposition 1.2.2 in Ghosh and Ramamoorthi (2003)),
the total variation distance is bounded by 2 times the square root
of the KL distance. The KL distance between two normal distribu-
tions N(u1, 1) and N(u,, X5) is equal to

1 | 2] _ P
= (log— + (2 D =D+ (1 — 12) D5 (g — Mz))

| X1]
“22_]|_|21_1|| 1 1
< ——— —— +d- 12 = 2 oo - 1210
min(| 25, [Z7])
+ller = ma2ll3 - 125 2, (11)

where | X| denotes the determinant of X', a matrix norm || X'||oc =
max;; |[ X'];] is the largest element of X in the absolute value, and
| X2 = sup, || ¥ ull2/llpll2 is @ matrix norm induced by the stan-

dard norm on RY, || |2 = Y0, u?.
By Lemma 2 and inequality (11),

drv (TTIVAB = Bas) Y™, X1, N (0, (EIXX/o0 ) 1) ')
< / [2\/An + By + Co/Dy + (1 —Dy)/Dp + 1 — En]

x dIT(c|Y", X"),
where
_[IH/n] = [EXiX{ oo X) 1|
min(|H/nl, [EXiX{oo(X)~21])’

B,=d-|H/n

1 _
Co = |H/nll2 - (nZO(XI)Z) fzao(x)z’

HB X;Y;
— (H/n)~ — ,
(Him (f IZU(XM)HZ
Dy = f ¢ (2 VB — Bas). H/m ) dz
Vn([—B.Bl—Bgis)

TR
Vn([—B.BY~Bgis)

It is shown in Lemma 3 that E, and D,, have lower bounds that do
not depend on o and converge to 1 in Fg° probability. By Lem-

mas 4-6, which bound (A, By, Gy), and v/a+b < /a + +/b
for any nonnegative a and b, to prove the theorem it suffices
to show that [ || 3=, Xi€i(00(Xi) > — o (X)) %) //nll2d [ (o' [Y", X")
and f dy (00_2, o~ 2)dII(c|Y", X") converge to zero in F§° proba-
bility, where dy (072, 05 %) = ([0 2(x) — 0 * ()12 dFo(x))*°.

— E[XiX/00(X) 2lloo - I| (EIXX/00(X) ™21) ™" oo

dI1 (o |Y", X"

/ Hzxiéi(do(xi)z —o(X))//n

2

< sup
oes

[ (da(04 2, 07%) > 8 N SpyalY", X"

Zx,e (05 2(X) — 0 > (X)) /v/n

2

+I1(Sj;, oY, XD] + sup

{0 €Sy a1 d2 (0 2.0~2)<6n)

ZX,‘E;‘

i

X (05 (X)) — o (X)) //n (12)

2
The right hand side of the above display converges to zero in Fg°
outer probability” if

V- (dy (05 %, 072 > 8, N S, o[Y", X") — 0

in F§° probability, (13)
V- ISy Y, X") — 0 in Fg°probability, (14)
sup > Xieilog *(X) — 02X -0
{0€Shy i d2(0g 207 2)2<82} |

in F3* outer probability. (15)
Lemmas 7-9 show that conditions (13)-(15) hold under the as-
sumptions of the theorem. Finally, let us consider [ dy(0o5 %, 072)
dI1(o|Y", X"). Since dy (0 2, 072) < 072,

F§° [/ dy(oy %, 07 2)dI (oY, X") > e]
< Fgo[g_zﬂ(dz(agz, 07 > €/2)Y", X)) +€/2 > e]

=F° [ (dx(05 %, 07%) > €/2]Y", X") > €/(2079)], (16)

5 For standard notions and definitions used in empirical processes theory, such

as outer probability and metric and bracketing entropy, see, for example, van der
Vaart and Wellner (1996).
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which converges to zero by conditions (13) and (14). This com-

pletes the proof of the theorem when BGLS is used for centering.
To see that the theorem also holds when the posterior mean is
used for centering, note that

fﬁdn(ﬁw"’,x") = /BdH(O'W”,Xn),
VillBas — f BT (o |Y", X,
< / llBas — BladIT (oY, X")

and that Jﬁ”BGLs — B2 is bounded in Lemma 6. Thus, under the
posterior mean centering, the term analogous to G, above is han-
dled by adding and subtracting BGLS to/from the posterior mean,
and applying the triangle inequality and the proof of Lemma 6. The

use of the posterior mean instead of B¢s in D, and E,, does not re-
quire any changes in the proof of Lemma 3. The rest of the proof is
not affected by the centering. O

Lemma 2. For two distributions Py and P, with densities p; and p,
w.r.t. a measure j, the total variation distance between P, truncated
to a set E and Py can be bounded as follows

/ . P, (E9) f|p1 p2ldu
Pz(E) P,(E) ’
Proof.

f Ip1 — 1gp2/P2(E)| = f [p1P2(E) — p2|/P2(E) + P1(E®)
E

1gp2

5, (E) du < Py(E°) +

11—

< / [p1(P2(E) — 1) + p1 — p2|/P2(E) + P1(E%)
E

< Py(ES) + (1= Po(E)) /Py (E) + / IP1 — Pal/Po(E). O

Lemma 3. Under the assumptions of Theorem 1, E,, and D, defined
in its proof have lower bounds that do not depend on o and converge
to 1in F3° probability.

Proof.

1- / ¢z, (Wn(B - Beis), (H/n)~Ydz

Vn([—B.Bl4—Bgis)
=1 —/ ¢(z,0, (H/n) ")dz
V/n([—B,Bl?—B)

d
Z/ $(z,0, (H/n)""dz.
i=1 Jzi¢v/n((—B,Bl—B;)

Next, note that

ZH/n)z > 7 |:<H+ ZX,-X[/UZ) /n:| z>7z", (17)

where e, is the smallest eigenvalue of (H + Y, XiX//a2)/n. As in

the proof of Lemma 5,

(H-I- inx,-,/az) /n

Using the bound on || (H/n)~'||, from Lemma 6, we get

(Hﬂ +y |vai|/az> / n

IH/n| < (18)

1Bil < 1Bl < ICH/m)™" ] - ‘

2

<m§+ ; |X1Y,-|/g2> /n
() /)

F =2 EIX:Y: 2
:anF:GH |11|/Q/ ||2. (19)
€min (E (XiXi ))

Note that by Assumption 4 of Theorem 1, B > F. From (17)-(19),

2

/ $(z,0, (H/n)~"dz
zig¢/n((—B.Bl—B;)

< z/ (2,0, (H/n) " Hdz
z=/n(B-Bi])

<H+ZXX /o )/ .

X / exp{—0.5z'ze" }(27r)~dz

<2

i>+/n(B—Fp)

H+ ZXiX;,/Uz) /”

x/ exp{—0.5z2}(2m) " ?dz.
2i>/n(B—Fn)e

0.5

<2 (ep) ™2

For z > 1, the normal CDF can be bounded as follows, 1 — @ (z) <
exp(—z2). Thus, the integral in the last display is bounded by

exp{—n(B — Fy2(e4)%) + 1/A(B — Fyely < 1) 5 0,

where the convergence in probability follows from the conver-
gence of F, and e},. This completes the proof for D,. The proof of
the analogous result for E, is similar. O

Lemma 4. Expression B, from the proof of Theorem 1 can be bounded

F°
above by B! + B2dy (o2, 6, %), where B! 2 0 and B2 > i 32 Bisa
constant, and (B!, B?) do not depend on o.

n’ n
Proof.
IH/n — E[XiX{o0(X) 100 < ||H/n||oo
1 XX/
+ sup | - !
ces || M Z o2(X) Z(X) H

+

, 1
g <Xix‘ (oz(x,-) N ag(x,-)>> Hoo

The first term on the right hand side converges to zero. The
second term converges to zero in outer probability by the as-
sumed Fo-Glivenko-Cantelli class for XX/ o72(X;), o € S.By the
Cauchy-Schwarz inequality and the finiteness of the fourth mo-
ments of X;, the last term is bounded by a constant multiple of
dy(072,04%). O

Lemma 5. Expression A, from the proof of Theorem 1 is bounded

F° F°
above by Al + A2dy (072, 04 ?), where Al % 0 and A2 > A%, A2
is a constant, and (A1 AZ) do not depend on o.

Proof. It follows by the definition of the determinant |and
— |Bl

d!- dmax([|Alleos lIBllec)® ! - ||A — Bl|oo. Thus, the numerator of A,
is bounded by a multiple of the bound on B, derived in Lemma 4
times max(||H/nlloo, |EIXiX/00(X) 1lloo)*~". Since ||H/n[l <
IH/nlloo + I Y_; XiX!/nlloo/a’?, the numerator of A, is bounded
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above as desired. To bound the denominator of A, below note
that for symmetric positive semidefinite matrices A and B,A > B
implies |A| > |B| (see, for example, Lemma 1.4 in Zi- Zong (2009)).

Thus, |H/n| > | 3, XiX//n| /5. Since | 3", XiX! /n| [E[XiX/1| >
0, the claim of the lemma follows. O

Lemma 6. The following inequality holds for C, defined in the proof
of Theorem 1

Vasa+a

1 1 1
77 2% (o()(xi)z - o(x,»>2> H2

+Cldy(oy %, 072,

FDC
where (C!, C2, C2) do not depend on o, C! = 0, C2 converges in

n? n’ n
Fg° probability to a constant, and C? converges weakly to a random
variable.

Proof. Plugging Y;

VG/IH/nllz =

= X!Bo + € into the definition of C, results in

(H/n)""H(Bo

-1
1 XIXI/ 1 X,‘G,‘
* (n Z UO(XI‘)Z) ﬁ Z oo (X;)?
Came Ly Xe
(H/n) NG Z o (X)? 2

The first expression on the right hand side of (20) converges to zero
in probability because ||(H/n)~ ||, is bounded above by a sequence
converging in probability as it is shown below (see (23)). The norm
of the second expression can be bounded by®

’2

—B)/vn

(20)

ICH/m ™ 2 -

1 1 1
NG Z,.:X"f (ao<x,-)2 B a(x,->2)

1 xx \ »

W) —HM

2

(21)

X,‘E,'
Jn X,: 00(Xi)? X

The norm of the difference in the inverses in the second line of (21)
is bounded by’

1 xx \ -
EZao(x»z N H/M T

2

(22)

(Z XiX{ (00 (X)) > — o' (X)) — H) / n

Next, we separately consider the three parts of the product in (22).
The first part converges to || (E(XiX/oo (X,-)*z))q |, in probability.
The second part,

2

ICH/m)~ ' (H/myll
[(H/myll2

B I(H /m)~x|
N/ = sup VAW M2 _
PRSP y

6 |a~la—B
B[ |Ib]l.
7 |\A’1 _B

bl < 1A @ =D+ 1A =B Hb| < |A7 ] la—bll + A" —

N=1A""A=BB | < |A~"| A~ BIIB~"|.

_ (inf ||(H/n)J’||z>_1 _ (mr Iylla - ||<H/n>y||2>‘1
syl y Iy

(. |>v’(H/n)y|>‘1

inf ————

NTF

-1
ly ((ﬂﬁz + inx;) / n) yl/e?
inf i

2
y 115

IA

v’ F§° e

= N 7
€min ((HO’2 —+ Z Xle/> /Tl) €min (E (X,‘Xl- ))

where e, (+) stands for the smallest eigenvalue. In the preceding
display, the first inequality on the third line follows by the
Cauchy-Schwarz inequality, the second inequality follows by the
positive semidefiniteness of X;X/, and the last equality follows from
the eigenvalue decomposition for symmetric matrices.®

The third part of the product in (22) is bounded above by

12 XiX/ E( XiX/ ) E( XiX/ )
n n 4 og (X)) o/, o?(X)

2] b )
n 4 o%(X;) 5 T\ o2 od(Xi) )

which can be bounded as in Lemma 4 (||A]|; < dim(A)||A]|). The

bounds derived above and the Slutsky theorem imply the claim of
the lemma. O

(23)

H

-+ sup

oes

Lemma 7. Under the assumptions of Theorem 1, (14) holds.

Proof. Note that \/ni7 (Sy, .« |Y"s X") is bounded above by

pel—B,Bld,oes T 5

Zlogpﬂ o (Y IX)]]

Since logps., (YilX) = —log(v2ma (X)) — (V2 — 2B'X:Y: +
BXX/B)/20>(X)), B € [-B, B, and0 < ¢ < 0 < 7 <
oo, the expression in the square brackets is bounded above by
a sufficiently large constant a.s. F;° by the strong law of large
numbers. This constant can be increased to some A > 0 so that
«/ﬁH(S,f,,n.aW”, X") < I1(Sy, ) exp{An} for all sufficiently large n
a.s. Fy°. Together with Assumption 3 in Theorem 1, this implies the
claim of the lemma. O

1
ISy, ) exp [n |: sup  — Z log pg o (YilXi)

— inf
Be[—B.Bld,ces T

Lemma 8. Under the assumptions of Theorem 1, (13) holds.
PBy.oq (YilXi)

1

w2108 Ry
PBg.op (YilXi) -2 22

Elog 7}7;0"(},”)(1_) ‘ By Lemma 10, dy(0y =, 07°)*C < Elogpg,.,/

Pg,o» Where C is a constant in (0, co). Thus,

Proof. Let Z, =

SUDge[—B,B1.0 €Sy o

1 (Sup.a Nda(0g %, 072)% > S2Y", X")

Y, X")

8 4= QAQ’,QQ’ = Iand A is a diagonal matrix with eigenvalues of A on the
diagonal.

Ppy.00

> (8?2
Pg.o "

(SM « NElog ——
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Sty P E 08605 g 191> 53 EXPICET /2 — E 108 (P00 /Pp.o) + Zal}dIT

fsmn,mE 08Pt 0 /9.0 C52/2 exp{n[C82/2 — Elog(pgy,00/Pp,0) — Zal}dIT
exp{n[—C82/2 + 2Z,]}

1T (Suty.a N E10g(Dpy.00/Ppo) < C82/2)

< exp{—n[(1 —1)C3}/2 — 22,1},

where the last inequality follows from Assumptions 3 and 5 of the
theorem. For € > 0,

F5° [Stn.a NN/ (d2 (05 %, 07%)* > 87]Y", X") > €]

. 2
< o |:Zn . (1-ncs log[\/ﬁ/e]}
4 2n
" 1- r)C(Sﬁ
<F® [z" > 8], (24)

where the last inequality holds for all sufficiently large n by 6,‘1‘n —
oo (Assumption 2 of the theorem). It remains to prove that the last
bound in (24) converges to zero. Since

log Ppo.00 (YilXi)
pg.o (YilXi)
5 €? €?
logo?(X;) — log o2 (X;) — L
( 0 oZ(X)  o%(X)
_ 25
= (x, (B~ B)+ (B o) ( - (X!)) (B — ;%)) (25)
and 8, Bo € [—B, B4, it suffices to prove that
1 -
Fg** (fseufpn - Zf(éi,xi) —Ef (e, X)| > CS,%) — 0,
VC >0, (26)
for the following four classes #,: {logo (X)), 0 € Su,ah
{e¢/o(X)?, 0 € Suyal {€Xu/oXD*, 0 € Swm,q} and

{XiiXik/o X)?, o € Sm,,« ). Convergence at rate 8,% for expressions
in (25) involving oy follows from the Chebyshev’s inequality, the
existence of second moments (Assumption 1), and §;n — oo.

It follows from inequalities (30) and (31) on p. 31 in Pollard
(1984) that (26) is bounded above by

.. cs?
4F* min { 1, 2N; ?,fn,Ll(FO,n)

X exp

1 (Cs? 1
_7n — s
2 8 max Zgj (i, Xi)

where Ny = Ny(-, F, L1(Fo.n)) is the covering number w.r.t.
Ly (Fo n) distance, Fy p is the empirical measure corresponding to F,
and gj's are the centers of the covering balls. Lemma 2.3.7 in van
der Vaart and Wellner (1996) on p. 112 gives a proof of Eq. (30) in
Pollard (1984) using outer probabilities and expectations to avoid
measurability problems.

As X is assumed to be bounded and convex, it follows from
lemma 2.7.1 in van der Vaart and Wellner (1996) that the metric
entropy in the sup norm of Sy o is bounded by

logN(€, Smas Il - loo) < K(M/e)¥®, (27)

where K > 0 is a constant that does not depend on (M, €). For
fn = {eiz/a(xi)zv o€ sMn.ot}v

1/n ) " Ifilen X) — e X)| < suploy” — 052 Y e?/n.

Then, the bound on the uniform metric entropy for Sy, , in (27)
implies

Ni (€, Fu, Li(Fo.n)) < exp{C1(QuMy/€)¥*},

where C; is a constant and Q;, = ),
constant. Also note that

max Zg] (€i, X)) < o "Ry,

2
€; /n converges a.s. to a

where R, = ), ei“/n converges a.s. to a constant. Thus, (26) is
bounded above by

4E min {1, 2 exp [GQ/*M¥/*5,2/* — C3nsp /Ra]}

where G, and C3 are positive constants. Since the integrand is
uniformly bounded by 1, the limsup version of Fatou’s lemma
implies that the previous display converges to zero under
Assumption 2 of Theorem 1. Claim (26) for the other three classes
F, follow by the same argument with modified R, and Q,. O

Lemma 9. Under the assumptions of Theorem 1, (15) holds.

Proof. The proof is based on lemma 19.34 in van der Vaart (1998).
Define

{XI] [00 X)) —o~ (Xl)]

Forany f € F,Ef? < (182 = §2, where (; is a positive constant
and § is defined by the last equality. For f1,f, € F,E(fi — £)? <
G, sup |o1 — 03|, where C; is a positive constant. Thus, by (27), the
bracketing L, (Fo) entropy log Njj (8, %, Ly (F)) < C3[M,/8]%* and

a(8) = 8/,/log N (8, F, Ly(Fy)) = Ca81 4/ —d/ ),

dy(oy 2,072 < 82,0 € Sypal-

A bound on the bracketing integral is proportional to §'~4/®)
d/(2a)
M, and

Ju@, F . Ly(Fp)) < Cs8{! =N \e/ @,
By lemma 19.34 in van der Vaart (1998),

E*sup |y f(ei. X)/v/n| < Jy(6. F . Lo(Fo))

+ VnE(Xgeil H{IXyel > v/na(d))).

By Assumption 2 of Theorem 1, this display converges to zero. Thus,
the claim of the lemma is proved. O

Lemma 10. For some positive constants C and C
E(108(Pgo.00/Pp.0)) = CLIB — ol + E(ag — *)*] (28)
E(108(Pgy,00/Pp.0)) < CLIB — Boll3 + E(ag — )], (29)

Proof. The law of iterated expectations implies

<log PBo.00 > _ lE(log o?(X) o (X)) — o?(Xy)
PB.o 2

g (X)) o2(Xi)
+(B - ﬂo)( 2(X)>('3 ﬂo))

First, for enin and en.x denoting the smallest and largest eigenval-
ues, note that

emm(E (X iXi))

XX\ .
2(X,<)) (B — o)

/\

1B~ Bollz < (B —/30)/5<

max (E(XGX{
< emaEXXD) 6 g2,
o2

Second, let 0§ /o = zand q(z) = (z — 1 — logz)/(z — 1)*. Note
that q(z) is well defined, positive, and monotonically decreasing
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on (0, 00). Thus, forany z € [¢2/52,5%/0?%],q(T*/a?) < q(z) <
q(oz/EZ). From this inequality,

E 2 2 2_ 2
O (o2
E 2N\2
< B = e, (30)
o
Thus, inequalities (28) and (29) are proved. O

Proof. Proposition 1.
First, consider Assumption 5. By Lemma 10 and E(o§ — o

[2G sup |0 — opl]%,
Pg C(Sz
(Elog o0 < C8§) (II/6 Boll3 < Y
C'2s
! ) ) (31)

PB.o
26 (20)1/2

A lower bound on the first term on the right hand side is propor-
tional to (Srd[, which is polynomial in n and, thus, can be ignored.

Since 0 < 0y < @, for all sufficiently small ¢,
I (SUP lo(x) —oo(x)| < 28n>
X
j=0

w (sup < 28n>
w(T) )

Theorems 2.1 and 4.1 in van der Vaart and van Zanten (2008) im-
ply the following lower bound for prior concentration probability
around oy,

%)? <

xH(suplo —op| <

o
FW)(x) + D" Z¥ /j! — o9(x)

1 (Sup lo(x) —oo(¥)| = 28n>

—ap/(2)+2)

> W(T) ' exp{—ne’}, &, xn

when oy < J+1/2.Thus, Assumption 5 of Theorem 1 holds as long
as

nme/@42 s 0, ap <) +1/2. (32)

Next, let us consider Assumption 3 of Theorem 1 with o = J.

J
[(uw)(x) + Ziji/j! € va,n,a} C [sup W) > Mn/4]

j=0
U[3. 121 = Mo/ 20 + 1))] .

Thus, I7(Sf; ) < W(T)~" - (W[sup, [W(X)| = My/4]+ ( + D'W
llz| = M./2J + 1))]) Note that W(sup, |W(x)| > M,/4) <
4[1 — & (M, /4)] by the standard results on barrier crossing prob-
abilities for W, see, for example, theorem 7.1 on p.314 in Shorack
(2000). Then, Assumption 3 of Theorem 1 holds if

M, > n"*/2 " forsomer; > 0. (33)

Thus, to prove the proposition it suffices to find §, and M, that
satisfy conditions (3), (32) and (33). These conditions are satisfied if

(o %)) 1
< s < —, oy <J+1/2, and
Y2 212 Y2 64 o=J+1/
1+r
= L@ -y

Values of (y4, ¥, 1) satisfying these inequalities can be chosen as
long as

1 . o di]
—— <miny —, ——— 1,
22/ -1 6+J1" 2 +2
which holds foranyJ > 3and g > (J +1)/(2) —1). O

Proof. (Proposition 2)
Fora = |d/2] + 1, y; from (9), y3 from (7), §, = n~72, and
Yy = m, it can be verified by a direct calculation that
inequalities in (3) hold. Thus, Assumption 2 of Theorem 1 holds.
Simple algebraic manipulations deliver the following conver-
gence results that are used below,

My 172
—@aE 0, 8ymy’” — oo,
my
d
m$ logm
%—)0 asn — oo. (34)
n n

By Part (iv) of Lemma 11, the assumed existence and uniform
boundedness of partial derivatives up to order |d/2]| + 2 for oy
implies that for some N € N and a constant M > 0

ID™*00(x)] <M (35)

forallx € [0,1]% allm; > N,i = .,d and all A with
A = Z}L] Aj < |d/2] 4 1. Constant M can be chosen sufficiently
large so that it is also a Lipschitz constant for og: |og(X1) —o0(X2)| <
M||x1 — X2l

First, let us verify that IT, puts probability 1 on Sy, 4/2/+1. For

anyx € [0, 1]%, )" (m')x”(l—x)m*‘h =(x+1—x)" =1land
3 ]_[( )x{ﬁ"a — XM = 1,
o<j<m i=1

Thus, for g™ satisfying (8),

o < min g" <B"(x;g") < max g" < 7. (36)
o<j<m o<j<m

Next, let us consider partial derivatives of B (x; g™). By (5), (6),(8)
and (36)

0" B™ (x, g™)|

[B"*(x; D™ (G™ 5 g™))|
max [D™*(G™*; g™)| < M.

A

Thus, Assumption 3 of Theorem 1 holds.
Next, consider Assumption 5 of Theorem 1. By (31), it suffices
to show that

, (gm s sup |B™(x; g™) — oo(x)| < CV/25, /(26(26)05))
X
> exp{—nrCé8?2}.

By theorem B 7 in Appendix B of Heitzinger (2002), |B™(x; g*™) —
oo(x)| < 2 05 > for g™ = o0o(G™). For g™ satisfying max; |gj
gl < (My — M) /((2my) 42341),

sup [B™(x; g™) — 0o (x)| < sup [B"(x; g*™) — oo (x)|
X X
+ sup [B"(x; ) — B"(x; g™)|
X
< [M/2)d*® /m® + (M, — M) /((2my) 211y < Md®® /m,

where the last inequality holds for all sufficiently large m; by the
first convergence resultin (34). Also, note that for such g™, the prior
truncation constraint (8) holds (for A < |d/2] + 1and x € G™*,
[D™*(x; g*™)| = |D™*(0p)(x)| < M, and, thus, by an analog of (39)
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in Lemma 11, [ID™*(x; g™)| < |D™*(x; g™) — D™*(x; g*™)| + M <
M,). Therefore,

m (S B"(x: 8 — 00| < — 0 >
u ; — 0 < —
n (5P § 0 25(20)05

MdO.S
I, (sup IB"(x; 8™) — 00| < —4 )
X m1'

g < M =M
) — (2ml)Ld/2J+1
Mn - M (my+1)
(zm])Ld/ZJ-H ) ’
where the first inequality holds because §,m}> — oo and the

last inequality follows because the prior density is assumed to be
(my+1)¢

> I, (max lg"
J

> n(m1+1)d (

bounded from below by 7r¢ on its support (8).
The last bound in the above inequality combined with [(m(n) +
1)?log m(n)]/(nérzl) — 0 implies Assumption 5 of Theorem 1. O

Lemma 11. (i) For x = (x;, x_;) € [0, 1]¢, where x; € [0, 1],

Ai i
(O (xi, %) = Ll_[(mf — +ji>} 2!

ji=1 Ji=0

M — s i s )
x ( M+ ]—’,x_,-) ( ,')(—1)*1‘*11'. (37)
m; m; Ji

1

(ii) For multi-indices m > A,

d A
O™ f)(x) = []‘[ [ Jomi— i +j,~>} dof

i=1ji=1 0<j<A

m—»xi  j\ 4/ .
o (T ) G o

where operations on vectors (x, A, m, j) inside f are coordinate-wise.
(iii) For functions f; and f, from [0, 119 to R,
|(D™f)(x) — (D™ )| < 2maxm)™ sup |fy (x) — f(x)].(39)
X
(iv) If all components of m are the same (m; = my) and f has bounded
partial derivatives up to order |A| + 1, then

sup [(D™*f)(x) — (3*f) <m — Ax) ‘ — 0 asmy; — oo. (40)

(v) Eq. (4) holds.

Proof. Formula (37) follows by induction on A;: for A; = 1, the
formula holds by the definition of Dm‘ i+ assume it holds for A;.
Then D/ Hitlexy/ ]_[A +11 (m; — A; +ji) is equal to

i )
(M= A 1 1 Ji
. ‘l — —, X_
Zf( m; |:Xl< mi—ki>+mi—kf]+mi X,)
Ai R m; — A 1
x(,)(—m i f( x(1-
Ji jizo m; ' m; — A
) v ‘
+ J—Hm) () nm
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and (37) is proved since the last square bracket term is equal to

(— 1)kt (A +1>

Ji
Formula (38) follows from repeated application of (37).

Inequality (39) follows immediately from (38) and Zﬁ’:o(i') =
2% To prove (40), plug the following Taylor expansion

(EREREEe D)

+R(x, A, m, j) - (1/my)M*T,

where R(x, A, m,j) is bounded by a constant independent of
(x, A, m,j)and l! = I4!- - - I;!, into (38) to obtain

(D™*f) (x)
d
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i=1ji=1

Ai N
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d
+ Z R(x, A, m,j) - (1/my) "+ 1‘[( )(_«l)ki—ji.

0<j<r i=1

By properties of binomial coefficients, Z 0(*')( 1)*"111
equal to zero if ; < A; and A;! if ; = A; (Ruiz, 1996). Thus,
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and (40) follows as 8*f is uniformly bounded.
Eq. (4) follows by a direct calculation,
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