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Abstract

We propose to use limiting sampling distributions of the method of moments esti-
mator to construct Metropolis-Hastings transition densities in Markov chain Monte
Carlo (MCMC) algorithms. The proposed technique is applied to developing an
efficient MCMC algorithm for Bayesian estimation of a finite beta mixture model,
which demonstrates excellent performance in a Monte-Carlo study. More generally,
the technique can be useful for models in which the method of moments (but not the
maximum likelihood) estimator for a subset of parameters is available in a closed
form; examples include mixtures of gamma and Dirichlet densities.

Keywords MCMC - Metropolis-Hastings algorithm - Finite mixture of beta
distributions - Method of moments

1 Introduction

MCMC methods provide a very rich and flexible toolkit for Bayesian estimation
of complex models (Gamerman and Lopes, 2006; Tierney, 1994). The Metropolis-
Hastings algorithm used for the entire parameter vector or for subvectors inside
the Gibbs sampler is an important part of that toolkit (Chib and Greenberg, 1995).
Metropolis-Hastings algorithms perform most efficiently when their proposal or
transition densities approximate the target density well. The Bernstein-von Mises
theorem states that in well behaved parametric models, the posterior distribution can
be asymptotically approximated by a normal distribution with a mean equal to the
maximum likelihood estimator (MLE) and a variance equal to the variance of the
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MLE; see, for example, chapter 10 in van der Vaart (1998). Thus, if the MLE is
available in closed form, then it can be used for construction of good Metropolis-
Hastings proposal distributions. The same argument applies to partial MLE and
Metropolis-Hastings proposal distributions for subsets or blocks of parameters.

In several interesting models based on beta, Dirichlet, and gamma distribu-
tions, the MLE is not available in closed form for relevant parameter blocks while
the method of moments estimator and an approximation to its sampling distribu-
tion have simple analytical expressions. The asymptotic variance of the method of
moments estimator is in general larger than the variance of the MLE. Therefore, the
Metropolis-Hastings proposal densities constructed from the sampling distribution
of the method of moments estimator are likely to be more spread out than those
constructed from the MLE. This could lead to better behaved ratios of the target to
proposal densities, which is important in practice and also in theory, as boundedness
of these ratios implies uniform ergodicity and central limit theorems for the MCMC
algorithm, see Tierney (1994). Thus, in this paper, we propose to use limiting sam-
pling distributions of the method of moments estimator to construct Metropolis-
Hastings transition densities. We explore the performance of the resulting algorithm
in an application to a finite mixture of beta distributions.

Finite mixtures of distributions are widely used as flexible models for univariate
and multivariate data (McLachlan and Peel, 2000). It is well known that beta mix-
tures can consistently estimate densities on [0, 1] from large nonparametric classes;
see Rousseau (2010) for adaptive posterior contraction rates results. Although adap-
tive posterior contraction rates for mixtures are established for models with a varia-
ble number of mixture components, the MCMC estimation of such models is a very
computationally intensive problem. In principle, it could be handled by the revers-
ible jump MCMC (RIMCMC) (Green, 1995; Norets, 2021), the method of auxiliary
prior distributions (Carlin and Chib, 1995), and the birth-death process of Stephens
(2000). However, in practice, researchers find that finite mixtures often perform
comparably and at much lower computational costs; see, for example, Ishwaran and
James (2012) and Norets and Pelenis (2022). Thus, in this paper, we focus on a finite
mixture model.

Bouguila et al. (2006) described a Markov chain Monte Carlo (MCMC) algo-
rithm for the estimation of a finite beta mixture. Their algorithm follows the Diebolt
and Robert (1994) approach of using latent mixture component indicators and data
augmentation in the estimation of finite mixture models. In Bouguila et al. (2006)
algorithm, the parameters of beta distributions are simulated by a Metropolis-Hast-
ings random walk algorithm. Below, we describe a more efficient Metropolis-Hast-
ings independence chain algorithm for simulation of the parameters of beta distribu-
tions.! Our algorithm employs Metropolis-Hastings transition density based on the
sampling distribution of the method of moments (MOM) estimator for the param-
eters of beta. Experiments demonstrate that the quality of approximations to the

! The proposals in this algorithm are independent of the current value of the beta parameters but they do
depend on other Gibbs blocks such as latent mixture allocation variables.
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conditional posteriors of the parameters of beta distributions in a finite beta mixture
model is excellent even for small sample sizes.

In Sects. 2 and 3, we describe the model and the MCMC algorithm. Applications
of the algorithm in the context of a larger hierarchical model can be found in Norets
and Tang (2013). Section 4 presents a Monte Carlo study that compares the perfor-
mance of the random walk and MOM-based algorithms.

2 The likelihood, prior, and posterior

A random variable p; € (0,1) follows a beta distribution with parameters
(mys;, (1 — m))s;) if its density is given by
F(Sj)p?mj_l (1 _ pi)s].(l—mj)—l
F@ls;s mj) =
L(s;m)I(s,(1 —m)))

e))

It is convenient for our purposes to parameterize a beta distribution in terms of s;
and m;. A density of a finite beta mixture with M components is defined as

M
x(pils,m, A) = Y Af(pils;m),
j=1

where 4, is the probability that p; is generated by component j and s = (s, 55, ..., /)
and likewise for m and A.

Let p = {py.....px}. p; € (0, 1), denote a vector of observations. The likelihood
function for a finite beta mixture is given by

N M

z(plm.s. ) =[] D Afw,ls;m)) )

i=1 j=I

Let Z; be a latent variable such that Z; =j if p; is drawn from Bera(s;, m;). Let
Z = {Z;},<y- The distribution of the observables conditional on the parameters and
latent variables has a more tractable form than (2),

x(plm,s, A, Z) = Hf(l’i|sz,.’mzi)- 3)

We specify the joint prior of (m, s, 4, Z) as follows: A is independent from the (s, m)
and all coordinates in (s, m) are mutually independent. Furthermore,
m; ~ Beta(gml,ng), s~ Gamma(c_zx, l_)s) for all j and A ~ Dirichlet(a, .,a), where
n,o 1, g b, and a are all known positive scalars. The joint prior for (m, s, 4, Z) is

then give?by_
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a(m,s, A, Z) = n(Z|m, s, Nx(m,s, A)

OCH[/lz HZ=j} /111 1

. n-ml_ (1- )ﬂno_

“

a

57 expl—s;/b,)]

The joint posterior, z(m, s, A, Z|p), is proportional to the product of (3) and (4).

3 Posterior simulations using MCMC

In this section we describe a Metroplis-within-Gibbs MCMC algorithm for explor-
ing the joint posterior 7z(m, s, A, Z|p).> The algorithm divides the vector of parame-
ters and latent variables into the following Gibbs sampler blocks: {s;};<ys, {m;};<u>
{Z;},<n» and A. The density (or probability mass function in case of Z;) for each
block is proportional to the product of (3) and (4). The blocks for Z; and A are stand-
ard (multinomial and Dirichlet distributions correspondingly). The distributions of
blocks for s; and m; do not seem to have known closed forms. Therefore, we use a
Metropolis- Hastmgs algorithm for these blocks. If good approximations to the con-
ditional posteriors of s; and m; are available one can construct an efficient Metropo-
lis-Hastings mdependence chaln algorithm, in which the approximations to the con-
ditional posteriors serve as the Metropolis-Hastings transition densities. In the
introduction we explain why the sampling distribution of the method of moment
estimator provides a good approximation to the posterior distribution. The implied
approximations to the conditional posteriors of s; and m; are normal (we derive them
in Appendix A below). Since the supports of 8; and m; ([0 o0) and [0, 1] correspond-
ingly) are not the same as the support of a normal we use a beta transition density
for m; and a gamma transition density for s; that have the same means and variances
as the corresponding normal approx1mat10ns We also take into account the part of
the posterior that corresponds to a Beta(g > ) prior for m; and a Gamma(as, S)

prior for s; in constructing the Metropolis—HaStmgs transition densities q{s(s]t,Jrl |m!, Z")

and qm(mj'.Jrl |s"t1, Z") given correspondingly by

-1
‘ 1 1
Gamma, aj+ﬂ—l <b—;+b—Y 5)
1 0
Bem(nw. +le - l,nl‘i +Qm0 - 1>, (6)

2 See Tierney (1994) or Geweke (2005) for a discussion of hybrid MCMC algorithms.
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where ¢ is the MCMC iteration index and expressions for (aj’., bj, ”zl,;* n?J) are derived
from the sampling distribution of the method of moments estimator in Appendix A.
We now give a complete description of the MCMC algorithm.

Step 0: Draw the initial (Z°, A°, 5%, m°) from the joint prior. Alternatively, one
could draw the initial (4°, s, m") from the joint prior and simulate each Z? indepen-
dently from the multinomial distribution with parameters N = 1and A°.

Step 1 : Let (Z', ', 5", m") denote draws from the z-th iteration (z > 0 ). For all
Jj <M, draw a candidate for s”rl from the proposal density in (5) and denote it by s

For each j, with probability d) (s s’) set s’“ =5 *and with probability 1 — ¢, (s 5; )

t+1

reject s and set 57 = s The expression for the Metropolis-Hastings acceptance

probablhty ¢, (s s’ ) 1s derlved in Appendix B.

Step 2 : For each Jj, draw a candidate for m’Jrl from the proposal density in (6) and

denote it by m For each j, with probablhty b (m m’) set m’Jrl

probability 1 — ¢ (m; m’) reject m and set m;“

= mj and with
= mi. The expression for the

Metropolis-Hastings acceptance probability
b, (7 ,mj’.) is derived in Appendix B.

Step 3: Note for all £,
n(Z; =jlm,s, A, Z_;,p) x

AT(spp,™ (1 = ppsti=m) o
L(s;m)U(s;,(1 — m;))

Hence, draw Z’+1 from a multinomial distribution whose kernel is given by (7) eval-

uated at (st+1 ’.” , AD.

Step 4 Note

Z=j}+a—1

x(Alm, s, Z, p) sz 1z ®

Hence, draw A™! from Dirichlet(Y,; 1{Z!*' =1} + a, ... X, {Z*' = M} + a).
Repeat Steps 1-5 until convergence is attained.

4 Implementation and performance

Bouguila et al. (2006) use a Metropolis-Hastings random walk (RW) algorithm for
transformations of s; and m;. We implement both the random walk and the MOM-
based mdependence chain algorlthms The algorithms are programmed in Matlab
and the code is available online.® The correctness of the algorithms implementation
is not rejected by Geweke (2004) joint distribution tests, see Appendix C for details.
Both algorithms seem to perform reasonably well for estimation of the function of

3 https://anorets.github.io/papers/beta_mix_code.zip
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Table 1 Distribution of the RNE, 0 0.1 12 25 5

RNE ratio % of Taet & 0,1 (1.2) (2.5) [5:00)
max m; 0.11 0.14 0.65 0.1
max s; 0.1 0.34 0.51 0.05
n(plm, s, 1) 0.1 0.38 0.48 0.04

parameters that are invariant to permutations of the mixture component labels. For
a discussion of MCMC and label switching in mixture models see Geweke (2007).
The approximations provided by the MOM-based proposals very frequently look
almost identical to the target conditional posteriors.

To explore the performance of the algorithms further we conduct a Monte Carlo

study. First, we generate a 100 draws of (m, s, 4) from a prior. For each draw of the
parameters, we generate a dataset of 300 observations and run MOM and RW based
algorithms for 100,000 iterations. Computing time for one iteration is about the
same for both algorithms as most of the time is spent on drawing the latent varia-
bles. In the first 10,000 iterations, the RW variance parameters are automatically
adjusted so that the acceptance rate is close to 50%. The number of mixture compo-
nents is set to M = 3. The prior hyperparameters used in the study are n, =n, = 2,
a;,=3,b,=100,and a = 3.
" The algorithm performance is evaluated by the relative numerical efficiency
(RNE).* We compute the RNEs for the following permutation invariant objects:
max m;, max s;, and z(p|m, s, 1), where p is set to one of the components of the data-
generating value of the beta location parameter. The numerical standard errors (the
limiting standard deviations of the estimates based on the MCMC draws) necessary
for computing the RNEs are obtained by the method of batch means, see Section 4.2
in Tierney ( 1994).3

Table 1 describes the distribution of the ratio of the MOM RNE to the RW RNE
for the three objects of interest. Table entries give the frequencies with which the
RNE ratios belong to the intervals in the head row of the table. The RNEs were
computed from the batches of size 100 (see footnote 5); the results are similar for
batch size 1000.

4 The RNE can be defined as the ratio of the number of hypothetical i.i.d. draws from the posterior to the
number of MCMC draws that deliver the same accuracy in posterior moment estimation by sample aver-
ages.

3 Suppose we have MCMC draws (0, ..., 0, ;) and would like to compute the numerical standard error
of @ =Y,.0,/(LT) as an estimator of E(#). Divide MCMC draws into T consecutive batches of size L.

For each batch j compute the batch mean 51 = Z/t:i(/'—l)L 0;/L, j=1,...,T. When the batch size L is large

enough, the sequence of batch means can be approximated by an AR(1) process. Thus, the standard error

can be approximated by

SE® ~ 1/ Y8~ 0701 + /I~ 1]

where r is the sample auto correlation coefficient for (51 s ,ET).
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Fig. 1 Prior densities (solid) and densities estimated from the successive conditional simulator (dashed)
for (m,,m,, ms, 5,5, 83, A1, Ay, A3)

Table 2 t-statistics from mean equality tests

Parameter my my ms K Sy 853 A Ay A3

t-stat 0.18 0.57 —-0.09 -0.42 0.26 —1.30 0.77 0.74 -1.51

The MOM-based algorithm performs better in 90% of the cases. This is not sur-
prising given that the acceptance rates for the MOM independence chain algorithm
in most of the simulation experiments were above 0.8 for s; and above 0.9 for m;.
Obtained efficiency improvement might not matter in simple examples. However,
for more complicated hierarchical models, in which a finite beta mixture is used as a
flexible prior, such improvements can make an important difference. An example of
such a model can be found in Norets and Tang (2013).

Another advantage of the MOM-based algorithm is that it does not require much
tuning.® In cases when the extent of the uncertainty about different mixture com-
ponents is very different, which is likely to happen when the corresponding mix-
ing probabilities are different, tuning the random walk variance parameters might be
complicated due to the label switching. Identification restrictions on mixture com-
ponents such as m; > m, > --- > m;, might make it easier to tune the random walk
variances. However, such restrictions could make the overall shape of the posterior
distribution more complicated, see, for example, Geweke (2007), and could slow
down mixing in MCMC. Thus, the MOM-based method seems to be an efficient and
convenient alternative to the random walk algorithm.

% In rare cases, the MOM-based algorithm can get stuck if initialized with arbitrary values of parameters
and latent variables. In these cases, we use a larger variance for the proposal distribution on initial itera-
tions of the algorithm.
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5 Conclusion

The proposed algorithm demonstrates excellent performance in an application
to mixtures of beta distributions. More generally, this approach to construction of
the Metropolis-Hastings transition densities can be useful for models in which the
MOM estimator is more analytically tractable than the MLE; for example, for mod-
els involving gamma distributions, Dirichlet distributions, and their mixtures.

Appenix A: Method of moments estimator and metropolis-hastings
transition densities

The Metropolis-Hastings transition densities for s;+1 and mj’.“ are constructed from

the sampling distribution of the method of moments estimator of s; and m;. The idea
is to pick parameters for gamma and beta transition densities so that means and vari-
ances are equal to the estimated means and variances of the method of moments
estimator For a given dataset p and a previous draw of latent variables Z’, define
=3, 1{Z = ).
The method of moment estimator for m; and its approximate sampling variance
are given by

= Z pi/N; and

iiZl=j

7 (700 — _ A2 12
Vi) = 3 i = i)t /().
iZZ{:j
Conditional on m (for the Gibbs sampler we need to approximate conditional poste-
rior of s; given m’ ) the method of moment estimator for s; and its approximate sam-
pling variance are given by

mf(l - m’.)
= —————1 and
J (Gz)z
K4 _ (At 4
Ve = RERE (1 = m!)?,

where k* = Zi:Z;:j(pi - m;)“/Njf and

@1 =) (= m)?/N..

i:Zl=j

Our choice of proposal densities for sj’.+1 and mj“ are given in (5) and (6) respec-
tively, with (aj’., b},ntlj, n?J.) chosen to imply means and variances identical to those
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estimates of s’ ” V(m’) and V(fv’) calculated above. Specifically, this amounts to
choosing:

A(”)
with N’ > 1 in the display above When N‘ 0, the priors are used as the corre-

When N’ =1, we replace D _ 1 with 1 and V(3 ) s with the average over V(s

spondlng proposals.

Appendix B: Expressions for q)mj, (P,i

t+1

The Metropolis-Hastings acceptance probability for drawing 5; ¢s, (s;.‘, s;), is given

by the minimum of 1 and
a(st. sttt 2. Z0p) a5 Im, Z1)
ir(s’,m’, A’,Z’lp)/qs(sjlm’,Zf

3

where g, denotes the proposal density defined in (5). The logarithm of this ratio can
be written as

N [log [(s7) = log I(s})

+ log F(s;m;) —log F(s m )

+log I(sj(1 = m gy—mgr@¢1—npﬂ
+mi(s; —s}) Z log p;

{i:Z!=j

+<1—m;><sj—s;> 2, log-p)

{i:Z/=j)
— [(@; — D(logs; —logs}) = (s7 — 5))/b]]

The Metropolis-Hastings acceptance probability for drawing mJ’.“, ¢m_(m;,m1’.), is
given by the minimum of 1 and
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ﬂ(m;, m’_j, st /1’,Z’|p)/qm(m;‘ s+, Z")
ﬂ(mt, Sl+] s A/l’ ZT Ip)/qm(mjlsf‘f—l,zf)

where g, denotes the proposal density defined in (6). The logarithm of this ratio can
be written as

N [ log F(s’+l ) — log r(s’“m )
+ log F(s;“ (1 —m))) —log r(s;+1 (1- mj*))]
+ sj’.“(m;‘ - m;) Z log p;

{i:Zi=1}

+ 5"y =) Y log( = p)

{i:Z!=1}
1 * t
- [(nt,i - 1)<10g m; — log mj)

+ (n?J — 1)<log(1 —m;) —log(l _mjt'))]'

Appendix C: Geweke’s joint distribution tests

Geweke (2004) proposed joint distribution tests for checking correctness of the
MCMC design and implementation. The idea of the tests is to add a data update
p' ~ m(p|m',s’, A") on every iteration ¢ of the posterior simulator and use that data
draw for the next update of the parameter m'*!, s™+!, A*1|p’. If all the simulators are
implemented correctly, the resulting “successive-conditional” simulator explores the
joint prior distribution of the parameters and data. Its output should be consistent
with the specified priors. For the test results reported below we set M = 3. To reduce
the serial correlation in the “successive-conditional” simulator a small sample size
and tight priors should be used. We set the sample size to N = 15 and the prior
hyperparameters n, =n =20, a; =100, b; =1, and a =30. The number of
MCMC iterations is 100 000 with the first 1, 000 discarded for burn-in.

Figure 1 shows that the marginal priors (solid lines) can be barely distinguished
from the densities estimated from the “successive-conditional” simulator (dotted
lines) for all the parameters.

For a more formal comparison, Table 2 reports the #-statistics for the mean equal-
ity tests (for each parameter, the null hypothesis is that the mean of the distribution
explored by the “successive-conditional” simulator is equal to the corresponding
prior mean). No hypotheses are rejected at the conventional levels.
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